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Abstract—Hierarchical storage formats (HSFs) can signifi-
cantly reduce the space complexity of sparse matrices. They
vary in storage schemes that they use for blocks and for block
matrices. However, the current HSFs prescribe a fixed storage
scheme for all blocks, which is not always space-optimal. We show
that, generally, different storage schemes are space-optimal for
different blocks. We further propose a new HSF that is based
on this approach and compare its space complexity with current
HSFs for benchmark matrices arising from different application
areas.

I. INTRODUCTION

PARTITIONING an m × n sparse matrix into s × s
blocks, we can represent it as a two-level hierarchical

data structure (see Fig. 1). Level 0 consists of nonzero blocks,

which are, in fact, submatrices of size s × s with at least

one nonzero element. Level 1 forms a block matrix of size

⌈m/s⌉ × ⌈n/s⌉, whose elements are pointers to particular

blocks. Storage formats for sparse matrices based on such

partitioning are called hierarchical storage formats1 (HSFs).
Blocks as well as a block matrix can be either sparse or

dense and we can use various storage schemes to store them

in a computer memory. Let us mention the most frequently

used ones:

• The dense storage scheme consists of a single array that

stores all elements in particular order.

• The bitmap storage scheme consists of an array of

nonzero elements and a bitmap that stores their pattern.

• The coordinate (COO) storage scheme consists of three

arrays that contain nonzero elements, their row indexes,

and their column indexes [4], [5].

• The compressed sparse row (CSR) storage scheme

consists of three arrays. Two arrays contain nonzero

elements and their column indexes, respectively. The third

array contains pointers for all rows to their data in the first

two arrays. The last member of the third array contains

the number of nonzero elements [4], [5].

This work was supported by the Czech Science Foundation under Grant
No. P202/12/2011, by the Grant Agency of the Czech Technical University
in Prague under grant SGS12/097/OHK3/1T/18, by the U.S. National Science
Foundation under Grant No. OCI-0904874, and by the U.S. Department of
Energy under Grant No. DOE-0904874.

1Recursive storage formats, which are based on recursive top-down parti-
tioning of a matrix into smaller blocks [1]–[3], are sometimes also denoted
as hierarchical. These types of formats are not discussed within this paper.
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Fig. 1: An 8×8 matrix (a) represented as a hierarchical data

structure with 2×2 blocks (b).

In Table I, we present a summary of the previously de-

veloped HSFs, which we further call current HSFs. Each

prescribes a fixed scheme for all blocks, which has the

following drawbacks:

1) Generally, different HSFs are space-optimal for different

matrices (see [6] or Table III). In other words, none of

the current HSFs is space-optimal for all matrices.

2) Within a single matrix, different storage schemes are

generally space-optimal for different blocks, as illus-

trated by Fig. 2. Consequently, some blocks might be

stored in a non-optimal way if only a single storage

scheme is used.

In this paper, we present a new HSF called Adaptive-

blocking hierarchical storage format (ABHSF) that is based

on the idea of using a space-optimal storage scheme for each

individual block. We further compare the space complexities of

ABHSF with the current HSFs for benchmark matrices arising
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(a) Freescale1 [13], p = 0.00016%
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(b) ohne2 [13], p = 0.034%
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(c) Zd_Jac2 [13], p = 0.32%
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(d) H_A6_Nmax6 [14], p = 21.6%

Fig. 2: The relative number of nonzero blocks, for which is the given storage scheme space optimal, as a function of the block

size s. Measurements are presented for a subset of benchmark matrices, each identified by its name, source, and the number

of nonzero elements p.

HSF Source Level 1 Level 0

BCRS [5], [7]
CSR dense

BCSR [8]

HiSM [7], [9]
COO COO

COOCOO [6]

SBSRS [10]

CSR COOSPBCRSX [11]

CSRCOO [6]

CSB [12] dense COO

COOCSR [6] COO CSR

CSRCSR [6] CSR CSR

AHF [6] bitmap COO

TABLE I: Current HSFs and their storage schemes.

from different application areas and discuss the results.

II. ANALYSIS

Let A be an m×n sparse matrix partitioned into blocks of

size s× s. Let further:

• z be the number of nonzero elements of A;

• p = z/(m · n) · 100 be the relative number of nonzero

elements of A in percents;

• M = ⌈m/s⌉ be the number of rows of the block matrix;

• N = ⌈n/s⌉ be the number of columns of the block

matrix;

• Z be the number of nonzero blocks, i.e., blocks that

contain at least one nonzero element;

• d be the number of bytes required for storing a single

matrix element (for example, d = 4 in case of single-

precision real numbers, d = 8 in case of double-precision

real numbers or single-precision complex numbers, etc.);

• B (ξ) be the minimum number of bytes of an unsigned

integer data type that can index an array of ξ elements,

i.e.,

B (ξ) = min
{

η ∈ {8, 16, 32, 64} : ξ ≤ 2η
}

/ 8,

if zero-based indexing is used.

A. Space complexity of HSFs

The space complexity of some data structure is defined as a

minimum number of bytes needed to store this data structure

in a computer memory. Let SX denote the space complexity

of A that is stored in HSF X . For HSFs, we consider the

following assumptions:

1) Pointers are implemented as zero-based array indexes.
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2) For indexes of an array with ξ elements, the minimum

data type is used, i.e., an unsigned integer data type of

size B (ξ) bytes2.

3) All indexes are stored as local to the particular level.

For example, rows within blocks are indexed from 0 to

s−1 and rows within the block matrix are indexed from

0 to M − 1.

4) Arrays at level 0 are accessed sequentially. Since we

know the index of the first element as well as the number

of elements that belong to each block in a particular

array, we do not need to store explicitly any pointers to

that array at level 1.

Providing the following definitions:

COO0 = z ·
[

2 · B (s) + d
]

,

CSR0 = z ·
[

B (s) + d
]

+ Z · (s+ 1) · B
(

s2
)

,

COO1 = Z ·
[

B (M) + B (N)
]

,

CSR1 = Z · B (N) + (M + 1) · B (Z) ,

we can express the space complexity of A stored in the current

HSFs as follows3:

SBCSR = CSR1 + Z · s2 · d,

SHiSM = COO1 + Z · B
(

s2
)

+COO0,

SSBSRS = CSR1 + Z · B
(

s2
)

+COO0,

SCSB = M ·N · B
(

s2 + 1
)

+COO0,

SCOOCSR = COO1 +CSR0,

SCSRCSR = CSR1 +CSR0,

SAHF = ⌈M ·N / 8⌉+ Z · B
(

s2
)

+COO0.

B. Space-optimal storage schemes for blocks

Let ζ denote a number of nonzero elements of a block B.

Let σX denote the space complexity of B that is stored in

the storage scheme X . For the previously considered storage

schemes, we can express the space complexities as follows:

σdense = s2 · d, (1a)

σbitmap = ⌈s2/8⌉+ ζ · d, (1b)

σCOO = ζ ·
[

2 · B (s) + d
]

, (1c)

σCSR = ζ ·
[

B (s) + d
]

+ (s+ 1) · B
(

s2
)

. (1d)

By evaluating and comparing these expressions, we can find

their minimum and hence the corresponding space-optimal

storage scheme for B.

2Accurately, we need ⌈log2 ξ⌉ bits to index an array of size ξ. However,
most of nowadays computer systems and programming languages naturally
work only with integer numbers of width 8, 16, 32, or 64 bits.

3Minimizing the storage requirements, we should calculate CSR0 as

CSR0 = z ·
[

B (s) + d
]

+

Z
∑

k=1

(s+ 1) · B (ζk) ,

where ζk is the number of nonzero elements of the k-th nonzero block.
However, the implementation of such a variant of the CSR storage scheme
would be very impractical, since we would need, generally, different integer
data types for different blocks to store pointers to data for all rows. Therefore,
we consider the variant of the CSR storage scheme, where all pointers can
be stored in a single array. The same approach is used in (1d).

For demonstration, examples of space complexities (1) are

shown in Fig. 3.

III. ADAPTIVE-BLOCKING HIERARCHICAL STORAGE

FORMAT

Here, we propose a new HSF called Adaptive-Blocking

Hierarchical Storage Format (ABHSF) that is based on the

following concept:

1) The space-optimal storage scheme from the set {dense,

bitmap, COO, CSR}, that is, the storage scheme with

the minimum space complexity (1), is used for every

block.

2) For the block matrix, the COO storage scheme is used.

The evaluation of the space complexity of ABHSF for the

whole matrix is not as trivial as for the current HSFs. For

every block at level 1, we need:

1) row index inside the block matrix—B (M) bytes,

2) column index inside the block matrix—B (N) bytes,

3) (optimal) storage scheme—coded in 1 byte,

4) number of nonzero elements if the storage scheme is

COO4—B
(

s2
)

bytes5.

Let ZX be the number of blocks for which the storage scheme

X is space-optimal. Let zX be the total number of nonzero

elements that belong to these blocks. The space complexity

for level 1 is then

Z ·
[

B (M) + B (N) + 1
]

+ ZCOO · B
(

s2
)

. (2)

For level 0, the space complexity can be evaluated according

to the storage schemes that are space-optimal for particular

blocks, as follows:

• Dense—for every block, we store all its elements (includ-

ing zeros). Overall, we need

Zdense · s
2 · d (3)

bytes.

• Bitmap—for every block, we store a bitmap of size

⌈s2/8⌉ bytes along with nonzero elements for these

blocks, which translates into

Zbitmap · ⌈s2/8⌉+ zbitmap · d (4)

bytes.

• COO—we store nonzero elements along with their row

and column indexes local to a block. As a result, we need

zCOO ·
[

2 · B (s) + d
]

(5)

bytes.

• CSR—for every block, we store the first element for

each row, totally (s + 1) indexes (local to a block).

4For other storage schemes, one can evaluate the number of block (nonzero)
elements in another way.

5The number of nonzero elements for nonzero blocks ranges between 1
and s2, thus, accurately, we need B

(

s2 + 1
)

bytes to store this information.

However, when the block contains s2 nonzero elements, it would never be
stored in the COO storage scheme, since the dense storage scheme is space-
optimal in such a case.
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Fig. 3: The space complexity of a single block for different storage schemes, as a function of the number of its nonzero

elements.

In addition, we store nonzero elements along with their

column indexes local to a block. Overall, we need

ZCSR · (s+ 1) · B
(

s2
)

+ zCSR ·
[

B (s) + d
]

(6)

bytes.

Combining the expressions (2), (3), (4), (6), and (5), we

finally get the total space complexity of ABHSF as follows:

SABHSF = Z ·
[

B (M) + B (N) + 1
]

+ ZCOO · B
(

s2
)

+ Zdense · s
2 · d

+ Zbitmap · ⌈s2/8⌉+ zbitmap · d

+ zCOO ·
[

2 · B (s) + d
]

+ ZCSR · (s+ 1) · B
(

s2
)

+ zCSR ·
[

B (s) + d
]

.

IV. EXPERIMENTS

To evaluate ABHSF, we performed measurements of space

complexities for the current HSFs as well as for ABHSF with

a set of matrices arising in different application areas. We call

these matrices benchmark and their list, along with their origin

and properties, is presented in Table II.

We first measured the space complexities S for all discussed

HSFs as a function of the block size s. Due to the space

limitations, we present results for a subset of benchmark

matrices in Fig. 4. These results were obtained for s = 2k,

where k = 1, . . . , 13.

Next, we compared the space complexities S of the current

HSFs with ABHSF for all benchmark matrices—the results are

presented in Table III. Because of the limited space, we present

results for s = 256 only. According to Fig. 4, this value, in

most cases, seems to provide the best space complexity. Since

we wanted to evaluate ABHSF, we present the relative values

of S , where SABHSF corresponds to 100%.

By inspecting Fig. 4 and Table III, we can make the

following observations:

• None of the current HSFs works well—in the sense

of space optimality—for all matrices. For instance,

only COOCSR and CSRCSR yield results close to the

minimum for matrices such as Zd_Jac2. Looking at

Fig. 2(c), we can see that there exist a lot of blocks for

which the CSR storage scheme is space-optimal. Hence,

only COOCSR and CSRCSR, which are the only formats

that use CSR at level 0, provide good results in this

particular case.

On the other hand, these formats provide space complex-

ities far from the minimum values for matrices such as

Freescale1. The reason is that, according to Fig. 2(a),
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Matrix Source Domain m,n p Symmetric

amazon0312 [13] directed graph 4.0 · 105 2.0 · 10−3 no

atmosmodj [13] computational fluid dynamics 1.3 · 106 5.5 · 10−4 no

bmw7st 1 [13] structural problem 1.4 · 105 1.8 · 10−2 yes

c-29 [13] optimization problem 5.0 · 103 9.6 · 10−2 yes

cage12 [13] directed weighted graph 1.3 · 105 1.2 · 10−2 no

FEM 3D thermal2 [13] thermal problem 1.5 · 105 1.6 · 10−2 no

Freescale1 [13] circuit simulation 3.4 · 106 1.6 · 10−4 no

gupta2 [13] optimization problem 6.2 · 104 5.6 · 10−2 yes

H A6 Nmax6 [14] nuclear structure 2.5 · 103 2.2 · 101 yes

H A6 Nmax6 all [14] nuclear structure 5.3 · 104 2.9 yes

ldoor [13] structural problem 9.5 · 105 2.6 · 10−3 yes

mouse gene [13] undirected weighted graph 4.5 · 104 7.1 · 10−1 yes

nlpkkt120 [13] optimization problem 3.5 · 106 4.0 · 10−4 yes

ohne2 [13] semiconductor device 1.8 · 105 3.3 · 10−2 no

thread [13] structural problem 3.0 · 104 2.5 · 10−1 yes

Trel 6Li Nmax6 [14] nuclear structure 2.0 · 105 1.0 · 10−2 yes

Zd Jac2 [13] chemical process 2.3 · 104 3.2 · 10−1 no

TABLE II: The list of the benchmark matrices used for the performed experiments.
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Fig. 4: The space complexity of the whole matrix for different HSFs and d = 4, as a function of the block size s. Measurements

are presented for a subset of benchmark matrices, each identified by its name, source and the number of nonzero elements.
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Matrix BCSR HiSM SBSRS CSB COOCSR CSRCSR AHF ABHSF

amazon0312 879938.0 96.7 90.0 115.6 1802.5 1795.9 84.5 100.0

atmosmodj 17739.4 104.5 104.4 297.9 121.8 121.7 110.3 100.0

bmw7st 1 8571.4 110.7 110.7 116.6 109.1 109.0 110.8 100.0

c-29 12555.7 104.8 104.7 105.7 111.9 111.8 104.7 100.0

cage12 24212.3 103.2 103.0 111.4 133.4 133.2 103.1 100.0

FEM 3D thermal2 6483.5 112.6 112.5 119.6 106.5 106.4 112.7 100.0

Freescale1 54890.6 101.7 101.4 735.6 192.2 191.8 120.7 100.0

gupta2 16356.3 106.8 106.8 108.5 121.0 121.0 106.8 100.0

H A6 Nmax6 252.2 138.4 138.6 138.4 115.8 115.8 138.4 100.0

H A6 Nmax6 all 969.3 118.7 118.7 118.7 100.8 100.8 118.7 100.0

ldoor 21106.4 105.2 105.0 145.4 129.0 128.8 106.1 100.0

mouse gene 5196.9 109.6 109.6 109.7 101.5 101.5 109.6 100.0

nlpkkt120 6950.6 108.0 108.0 382.2 103.6 103.6 116.5 100.0

ohne2 13077.1 110.1 110.0 113.1 117.3 117.2 110.0 100.0

thread 2978.0 115.0 115.0 115.4 101.7 101.7 115.0 100.0

Trel 6Li Nmax6 28937.7 100.3 100.1 109.7 140.2 140.0 100.2 100.0

Zd Jac2 2477.2 118.1 118.1 118.4 103.3 103.2 118.1 100.0

TABLE III: The relative space complexity of benchmark matrices in percents for s = 256, d = 4, and different HSFs, related

to ABHSF. The best value out of all HSFs is emphasized with bold print, the best value achieved for the current HFSs is

emphasized with italics.

the COO storage scheme is space-optimal for a vast

majority of blocks within this matrix. Even more extreme

example of unsuitability of the COOCSR and CSRCSR

formats is the matrix amazon0312.

• ABHSF clearly provides the best results among all

discussed HSFs and hence seems to be the most uni-

versal format as to the space optimality. It provides

the best space complexity for all matrices except for

amazon0312. Even for this matrix, ABHSF gives rel-

atively good result, 18.3% above the minimum value of

AHF. (For comparison, the worst values for the current

HSFs are at least 38.4% above the minimum across

matrices.)

The reason why ABHSF does not work well for the

amazon0312 matrix is the following. This format intro-

duces some memory overhead at level 1 (see Section III).

This overhead consists of

1) the code of the actual storage scheme for each

block;

2) the number of block nonzero elements if its actual

storage scheme is COO.

The amazon0312 matrix has almost all blocks ex-

tremely sparse: ζ = 1 for the majority of blocks

and ζ ≤ 10 for the others. This is illustrated by the

frequency diagram in Fig. 5 (for comparison, we also

present the same frequency diagram for the Zd_Jac2

matrix). According to (1) and provided that s = 256,

σCOO < σCSR for ζ < 514. Therefore, all blocks within

the amazon0312 matrix will be stored in the COO

storage scheme. And since the amount of data stored at

level 0 for each block is very small (especially if ζ = 1),

the memory overhead of ABHSF becomes considerable

here.

• For most HSFs, there is a significant step increase in the

space-complexity values between block sizes s = 256

and s = 512. It is caused by the required data type for

local indexes within blocks, since

B (s) =

{

1 for s ≤ 256,

2 for 256 < s ≤ 8129.

It is worth noting that this step change is not present for

ABHSF and the H_A6_Nmax6 matrix—see Fig. 4(d).

The reason is that the bitmap storage scheme, which

does not use any local indexes, is space-optimal for the

majority of blocks; see Fig. 2(d). (No HSF other than

ABHSF uses the bitmap storage scheme at level 0.)

V. CONCLUSIONS

In this paper, we aimed at optimization of the space

complexity of hierarchical storage formats (HSFs) for sparse

matrices. Our contribution is the new format called Adaptive-

Blocking Hierarchical Storage Format (ABHSF). We tried to

answer the question if it is worth to store each individual block

in its space-optimal storage scheme. Based on the performed

experiments, we can conclude that the answer is yes—ABHSF

is clearly the most universal compared to the current HSFs (see

Table I) when minimization of the space complexity of sparse

matrices is considered.

In our experiments, we found only one matrix for which

ABHSF did not provide the best result—a matrix with ex-

tremely sparse blocks, namely blocks containing mostly just 1

nonzero element. ABHSF introduces some overhead into level

1 that is significant is such a case.

We did not focus on the particular implementation of

ABHSF, that is, we did not show detailed organization of data

structures (arrays) used at both levels. Our aim was to show

rather the concept of this new format and to compare it with

the current HSFs assuming their space-optimal implementa-

tions based on rules that are listed in Section II-A.
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Fig. 5: The frequency diagrams of the relative number of blocks according to their number of nonzero elements ζ for selected

benchmark matrices. For comparison, the x-axis is limited by ζ ≤ 100.

We also limited the storage schemes for individual blocks to

dense, bitmap, COO, and CSR. Other storage schemes may be

considered as well, e.g., the ones based on bitmap compression

or the quad-tree data structures [3].

Data structures and optimization of their space complexities

were the subject of our work. We thus did not present any

algorithm related to ABHSF. These algorithms are dependent

on a particular situation, that is, they depend on what we

particularly want to do with this format—for instance, we

can convert other formats from/to ABHSF, generate matrix

elements (in particular order) directly into ABHSF, perform

sparse matrix-vector multiplication, etc.

Since we do not focus on algorithms related to ABHSF, we

do not discuss their time complexity and efficiency. It can be

readily seen, however, that ABHSF brings some overhead to

the data structures for sparse matrices and this overhead would

lead to higher complexity of related algorithms. Thus, this

format would be beneficial particularly in situations, where one

attempts to minimize the space-complexity of sparse matrices

at any price. Our motivation for this research is the parallel

I/O for extremely large sparse matrices that are processed by

massively parallel computer systems with distributed memory

architectures. On such systems, the number of I/O nodes

is usually of several orders of magnitude lower than the

number of computational cores and storing/loading of large

data into/from a distributed file system may form a significant

performance hotspot. In such situations, it is imperative to

minimize the space complexity of data structures and ABHSF

provides this possibility specially for sparse matrices.
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