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Abstract—In an information system, each subset of attributes
determines knowledge structure on the set of objects, in which
each element is an equivalence class. Thus, a metric which is
defined on knowledge structures is established on the attribute
sets. Once a metric is established, we can use the metric
to measure attributes distance, cluster and discover important
attributes. As a result, effective algorithms are constructed to
solve attribute reduction in information systems. With metric
on knowledge structures based on the Jaccard distance between
two finite sets, this paper proposes a new method for attribute
reduction in decision table. The paper proves theoretically and
experimentally that this metric method is more effective than
other methods based on conditional Shannon entropy.

I. INTRODUCTION

A
TTRIBUTE reduction is a core issue of rough set theory

and also an essential pre-processing step in data mining.

In recent years, there have been many papers about attribute

reduction methods based on different views, and generally

can be classified as attribute reduction method based on

positive region (see [9], [10], [21]), attribute reduction method

based on discernibility matrix (see [1], [3]), attribute reduction

method used information entropy (see [7], [15], [16], [17],

[18], [19]) and attribute reduction method based on granular

computing (see [4], [5], [22]). Further research should focus

on improvement of existing methods or construction of new

advanced methods in order to reduce time complexity and

enhance mega data applicability consequently.

Metric technique plays an important role in data mining. In

recent years, many researchers have applied this technique to

problem solving in data mining, especially problems for data

classification which use decision tree (see [13], [14]).

In information systems, each subset of attributes determines

knowledge structure on the set of objects. Each element in this

knowledge structure is an equivalence class. The difference of

metric from existing measures for the uncertainty in rough set

theory is that metric can measure the similarity of knowledge

structures. Therefore, a metric which is defined on knowledge

structures is established on the attribute sets. Once a metric

is established, we can use the metric to measure attributes

distance, discover important attributes and solve attribute re-

duction problems in information systems. Recently, there have

been some researches on metrics in information systems [11],

[12]. However, there are only a few researches in attribute

reduction with metric in rough set theory.

In this paper, we present a method to construct a metric

among knowledge structures based on the Jaccard distance

between two finite sets. With usage of constructed metric, we

propose a new method for attribute reduction in a decision

table. The paper is structured as follows. In Section 2, some

basic concepts in rough set theory are briefly recalled. In

Section 3, a method for constructing a metric is presented and

some properties of metric are studied. In Section 4, a heuristic

algorithm for attribute reduction in a decision table based on

metric is proposed. In Section 5, we show an example. In

Section 6, we conduct experiments to prove the effectiveness

of supposed algorithm. The last section is the conclusion.

II. BASIC CONCEPTS

In this section, we introduction some basic concepts in

rough set theory and some attribute reduction definitions.

An information system is defined as IS = (U,A, V, f) in

which A is a nonempty set of objects; U is a nonempty set

of attributes, V =
∏

a∈C∪D

where Va is the value range of

attribute a, f : U ×A → V is an information function, where

∀a ∈ A, u ∈ U , f (u, a) ∈ Va hold.

Each subset of attributes P ⊆ A determines a binary

indistinguishable relation IND (P ) as follows

IND (P ) = {(u, v) ∈ U × U |∀a ∈ P, f (u, a) = f (v, a)}

It can be easily shown that IND (P ) is an equivalence

relation on the set U. The relation IND (P ) constitutes

a partition of U, which is denoted by U/P . Any element

[u]P = {v ∈ U |(u, v) ∈ IND (P )} in U/P is called the

equivalent class.

Definition 2.1 [9], [10]. Let S = (U,A, V, f) be an informa-

tion system and P,Q ⊆ A.

1) U/P is the same as U/Q (denoted by U/P = U/Q) if

and only if ∀u ∈ U, [u]P = [u]Q.

2) U/P is finer than U/Q (denoted by U/P ≺ U/Q) if

and only if ∀u ∈ U, [u]P ⊆ [u]Q.

Property 2.1 [9], [10]. Let S = (U,A, V, f) be an information

system and P,Q ⊆ A.

1) If P ⊆ Q then U/Q ≺ U/P .

2) For ∀u ∈ U , [u]P∪Q = [u]P ∩ [u]Q.

Let S = (U,A, V, f) be an information system and B ⊆ A,

X ⊆ U . The sets BX = {u ∈ U |[u]B ⊆ X } and BX =
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{u ∈ U |[u]B ∩X 6= ∅} are called the B− lower and the B−
upper approximation of X , respectively.

If we distinguish in an information system two disjoint

classes of attributes, called condition and decision attributes,

respectively, then the system will be called a decision table

and will be denoted by DS = (U,C ∪D,V, f), where C
and D are disjoint sets of condition and decision attributes,

respectively.

Let DS = (U,C ∪D,V, f) be a decision table, the set

POSC(D) =
⋃

Di∈U/D

(CDi)

is called the C − positive region of D. DS is the consistent

decision table if and only if POSC(D) = U . Conversely, DS
is the inconsistent decision table.

Definition 2.2 [9]. Let DS = (U,C ∪D,V, f) be a decision

table. If R ⊆ C satisfies

1) POSR(D) = POSC(D)

2) ∀r ∈ R,POSR−{r}(D) 6= POSC(D)
then B is called a reduct of C based on positive region. Let

PRED(C) be the set of all reducts based on positive region.

In next content, we introduce the attribute reduction based

on Shannon entropy which is relative to research of this paper.

Let DS = (U,C ∪D,V, f) be a decision table. Suppose

that U/C = {C1, C2, ..., Cm}, U/D = {D1, D2, ..., Dn}.

Conditional Shannon entropy of D with respect to C is defined

as

H (D |C ) = −
m
∑

i=1

|Ci|

|U |

n
∑

j=1

|Ci ∩Dj |

|Ci|
log2

|Ci ∩Dj |

|Ci|

where 0.log20 = 0.

Proposition 2.1 [19]. Let DS = (U,C ∪D,V, f) be a

decision table. If Q ⊆ P ⊆ C then H (D |Q) ≥ H (D |P ).
The condition for equality is ∀Xu, Xv ∈ U/P, Xu 6= Xv,

if (Xu ∪Xv) ⊆ Yk ∈ U/Q then
|Xu∩Dj |

Xu
=

|Xv∩Dj |
Xv

for

∀j ∈ {1, 2, ..., n}.

Definition 2.3 [19]. Let DS = (U,C ∪D,V, f) be a decision

table and a ∈ C. If H (D |C ) = H (D |C − {a}), then a
is unnecessary (reducible) for D in C based on conditional

Shannon entropy; else a is necessary for D in C. The set

of all necessary attributes in C are called the core based on

conditional Shannon entropy and denoted as HCORE(C).
Definition 2.4 [19]. Let DS = (U,C ∪D,V, f) be a decision

table. If R ⊆ C satisfies

1) H (D |R ) = H (D |C )

2) ∀r ∈ R, H(D |R− {r} ) 6= H(D |C )
then R is called a reduct of C based on conditional Shan-

non entropy. Let HRED(C) be the set of all reducts

based on conditional Shannon entropy, then HCORE (C) =
⋂

R∈HRED(C)

R [19].

III. CONSTRUCT A METRIC AMONG KNOWLEDGE

STRUCTURES

A metric on the set U is a map d : U ×U → [0,∞) which

satisfies the following conditions for any x, y, z ∈ U .

P1) d (x, y) ≥ 0, d (x, y) = 0 if and only if x = y.

P2) d (x, y) = d (y, x).

P3) d (x, y) + d (y, z) ≥ d (x, z).

The condition P (3) is called the triangular inequality. (U, d)
is called a metric space.

In this section, we propose the method to construct a metric

among knowledge structures based on the Jaccard distance

between two finite sets.

A. Jaccard distance between two subsets

Definition 3.1 [2]. Let U be a finite set and X,Y ⊆ U .

The following coefficient D (X,Y ) = 1 − |X∩Y |
|X∪Y | is called

Jaccard distance between X and Y. The following coefficient

J (X,Y ) = |X∩Y |
|X∪Y | is called Jaccard coefficient. Jaccard

coefficient measures similarity between two finite sets.

Theorem 3.1. Let U be a finite set and P (U) is the poset of

U . Jaccard distance is really a metric on P (U), that is, for any

three elements X,Y and Z of P (U), it satises the following

conditions

P1) D (X,Y ) ≥ 0, D (X,Y ) = 0 if and only if X = Y .

P2) D (X,Y ) = D (Y,X)

P3) D (X,Y ) +D (Y, Z) ≥ D (X,Z).
Proof. Obviously, D(X,Y ) satises the conditions P1) and

P2). To prove the condution P3) (the triangular inequality),

we proof the following equivalent inequality

J (X,Y ) + J (Y, Z) ≤ 1 + J (X,Z) (3.1)

Suppose |U | = N and U = {u1, u2, ..., uN}. We can then

characterize any subset X ⊆ U by a N-dimensional vector

V X =
(

vX1 , vX2 , ..., vXN
)

where vXk = 1 if uk ∈ X and vXk = 0
otherwise.

Let V XY = V XV Y . Then J(X,Y ) can be written as

J (X,Y ) = V XY

V XX+V Y Y +V XY (3.2)

If J (X,Y ) ≤ J (X,Z) or J (Y, Z) ≤ J (X,Z) then obvi-

ously (3.1) is satisfies. It is thus necessary to prove inequality

(3.1) only for the case in which J (X,Y ) > J (X,Z) and

J (Y, Z) > J (X,Z). From equation (3.2) we get

V XY = J(X,Y )
1+J(X,Y )

(

V XX + V Y Y
)

(3.3)

It can be seen that the inequality
(

V Y − V X
) (

V Y − V Z
)

≥ 0 or V Y Y − V Y Z − V XY +
V XY ≥ 0 must be true since the product of the kth entries

of
(

V Y − V X
)

and
(

V Y − V Z
)

equals either 0 or 1. Using

equation (3.2) we have

V Y Y − J(Y,Z)
1+J(Y,Z)

(

V Y Y + V ZZ
)

−
J(X,Y )

1+J(X,Y )

(

V XX + V Y Y
)

+ J(X,Z)
1+J(X,Z)

(

V XX + V ZZ
)

≥ 0

⇔
(

1− J(X,Y )
1+J(X,Y ) −

J(Y,Z)
1+J(Y,Z)

)

V Y Y ≥
(

J(X,Y )
1+J(X,Y ) −

J(X,Z)
1+J(X,Z)

)

V XX+
(

J(Y,Z)
1+J(Y,Z) −

J(X,Z)
1+J(X,Z)

)

V ZZ (3.4)

It is evident that V XX ≥ V XY , by applying equation (3.3)

we obtain V XX ≥ J(X,Y )
1+J(X,Y )

(

V XX + V Y Y
)

or

V XX ≥ J (X,Y )V XY (3.5)

From J (X,Y ) − J (X,Z) > 0 by assumption, we have
J(X,Y )

1+J(X,Y ) −
J(X,Z)

1+J(X,Z) > 0. So from (3.5) we have
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(

J(X,Y )
1+J(X,Y ) −

J(X,Z)
1+J(X,Z)

)

V XX ≥

J (X,Y )
(

J(X,Y )
1+J(X,Y ) −

J(X,Z)
1+J(X,Z)

)

V Y Y (3.6)

An analogous argument leads to
(

J(Y,Z)
1+J(Y,Z) −

J(X,Z)
1+J(X,Z)

)

V ZZ ≥

J (Y, Z)
(

J(Y,Z)
1+J(Y,Z) −

J(X,Z)
1+J(X,Z)

)

V Y Y (3.7)

From (3.4), (3.6), (3.7) we have
(

1− J(X,Y )
1+J(X,Y ) −

J(Y,Z)
1+J(Y,Z)

)

V Y Y ≥

J (X,Y )
(

J(X,Y )
1+J(X,Y ) −

J(X,Z)
1+J(X,Z)

)

V Y Y +

J (Y, Z)
(

J(Y,Z)
1+J(Y,Z) −

J(X,Z)
1+J(X,Z)

)

V Y Y (3.8)

If V Y Y = 0 then obviously (3.1) is satisfies. Suppose that

V Y Y 6= 0, from (3.8) we have

1 ≥ J(X,Y )+J(X,Y )2

1+J(X,Y ) + J(Y,Z)+J(Y,Z)2

1+J(Y,Z) −

J (X,Z)
(

J(X,Y )+J(Y,Z)
1+J(X,Z)

)

⇔ J (X,Y ) + J (Y, Z) ≤ 1+ J (X,Z) which is inequality

(3.1) we want to prove.

B. Metric between two knowledge structures and its properties

Let IS = (U,A, V, f) be an information system. For each

P ⊆ A, K(P ) = {[ui]P |ui ∈ U } is called the knowledge

structure on U . K(P ) consists of |U | elements, each element

is a equivalence class in U/P . Let K (U) be the set of all

knowledge structures on U . From Theorem 3.1, the following

theorem constructs a metric between two knowledge structures

K(P ) and K(Q).
Theorem 3.2. The map d : K (U)×K (U) → [0,∞) defined

by d (K (P ) ,K (Q)) = 1 − 1
|U|

|U|
∑

i=1

|[ui]P∩[ui]Q|
|[ui]P∪[ui]Q|

is a metric

on K (U).

Proof. (1) d (K (P ) ,K (Q)) = 1 − 1
|U|

|U|
∑

i=1

|[ui]P∩[ui]Q|
|[ui]P∪[ui]Q|

=

1
|U|

|U|
∑

i=1

(

1−
|[ui]P∩[ui]Q|
|[ui]P∪[ui]Q|

)

. By applying the Definition 3.1 to

[ui]P and [ui]Q , we have 1 −
|[ui]P∩[ui]Q|
|[ui]P∪[ui]Q|

≥ 0. Therefore,

d (K (P ) ,K (Q)) ≥ 0. d (K (P ) ,K (Q)) = 0 if and only if
∣

∣

∣
[ui]P ∩ [ui]Q

∣

∣

∣
=

∣

∣

∣
[ui]P ∪ [ui]Q

∣

∣

∣
⇔ [ui]P ∩ [ui]Q = [ui]P ∪

[ui]Q ⇔ [ui]P = [ui]Q for ui ∈ U , that is K (P ) = K (Q).

(2) From the definition of d (K (P ) ,K (Q)), it is

clear that d (K (P ) ,K (Q)) = d (K (Q) ,K (P )) for any

K(P ),K(Q) ∈ K (U).

(3) From Theorem 3.1, it is easy to see that

d (K (P ) ,K (Q)) + d (K (Q) ,K (R)) ≥ d (K (P ) ,K (R)).

From (1), (2), (3) we conclude that d (K (P ) ,K (Q)) is a

metric on K (U).

For the decision table DS = (U,C ∪D,V, f), the follow-

ing proposition constructs the formula of metric between two

knowledge structures K(P ) and K(P ) based on equivalence

classes of partitions U/C and U/D.

Proposition 3.1. Let DS = (U,C ∪D,V, f) be a decision

table. Assume that U/C = {C1, C2, ..., Cn} and U/D =

{D1, D2, ..., Dm}. Then

dJ (K (C) ,K (C ∪D)) = 1−
n
∑

i=1

m
∑

j=1

|Ci ∩Dj|
2

|U | |Ci|

Proof. Suppose that Ci ∩ Dj = {ui1, ui2, ..., uisi} where

|Ci ∩Dj | = si and |Dj | = tj , then
n
∑

i=1

si = tj and

m
∑

j=1

tj = |U |. We have

Ci ∩ Dj = [ui1]C ∩ [ui1]D = [ui2]C ∩ [ui2]D = ... =
[uisi ]C ∩ [uisi ]D, i.e., |Ci ∩Dj| = |[ui1]C ∩ [ui1]D| =
|[ui1]C ∩ [ui1]D| = ... = |[uisi ]C ∩ [uisi ]D| = si.

|Ci∩Dj |
2

|Ci|
=

|Ci∩Dj ||Ci∩Dj |
|Ci|

=
|[ui1]C∩[ui1]D|

|[ui1]C|
+

|[ui2]C∩[ui2]D|
|[ui2]C|

+ ... +
|[uisi ]C∩[uisi ]D|

|[uisi ]C |
=

si
∑

k=1

|[uik]C∩[uik]D|
|[uik]C|

.

Hence,
n
∑

i=1

|Ci∩Dj |
2

|Ci|
=

n
∑

i=1

si
∑

k=1

|[uik]C∩[uik]D|
|[uik]C |

=

tj
∑

i=1

|[ui]C∩[ui]D|
|[ui]C|

⇔
m
∑

j=1

n
∑

i=1

|Ci∩Dj |
2

|Ci|
=

m
∑

j=1

tj
∑

i=1

|[ui]C∩[ui]D|
|[ui]C|

=

|U|
∑

i=1

|[ui]C∩[ui]D|
|[ui]C|

⇔ 1 − 1
|U|

m
∑

j=1

n
∑

i=1

|Ci∩Dj |
2

|Ci|
=

1− 1
|U|

|U|
∑

i=1

|[ui]C∩[ui]C∪D|
|[ui]C∪[ui]C∪D|

= dJ (K (C) ,K (C ∪D)).

Proposition 3.2. Let DS = (U,C ∪D,V, f)
be a decision table. If Q ⊆ P ⊆ C then

d (K (Q) ,K (Q ∪D)) ≥ d (K (P ) ,K (P ∪D)).
Proof. From Q ⊆ P we have U/P ≺ U/Q.

Without loss of generality, suppose that

U/P = {X1, X2, ..., Xm} and U/Q =
{X1, X2, ..., Xu−1, Xu+1, ..., Xv−1, Xv+1, ..., Xm, Xu ∪Xv}
is the partition generated by merging the two equivalence class

Xu and Xv in U/P . Suppose that U/D = {D1, D2, ..., Dn}.

We have

d (K (Q) ,K (Q ∪D))− d (K (P ) ,K (P ∪D)) =

=
m
∑

i=1, i6=u, i6=v

n
∑

j=1

|Xi∩Dj |
2

|U||Xi|
+

n
∑

j=1

|Xu∩Dj |
2

|U||Xu|
+

n
∑

j=1

|Xv∩Dj |
2

|U||Xv |
−

m
∑

i=1, i6=u, i6=v

n
∑

j=1

|Xi∩Dj |
2

|U||Xi|
−

n
∑

j=1

|(Xu∪Xv)∩Dj |
2

|U||Xu∪Xv |

=
n
∑

j=1

|Xu∩Dj |
2

|U||Xu|
+

n
∑

j=1

|Xv∩Dj |
2

|U||Xv |
−

n
∑

j=1

(|Xu∩Dj |+|Xv∩Dj |)
2

|U|(|Xu|+|Xv |)

= 1
|U|

n
∑

j=1

(

|Xu∩Dj |
2

|Xu|
+

|Xv∩Dj |
2

|Xv |
− (|Xu∩Dj |+|Xv∩Dj |)

2

|Xu|+|Xv |

)

= 1
|U|

n
∑

j=1

(

|Xu∩Dj |
2|Xv |

2−2|Xu∩Dj ||Xv∩Dj ||Xu||Xv |+|Xv∩Dj |
2|Xu|

2

|Xu||Xv |(|Xu|+|Xv |)

)

= 1
|U|

n
∑

j=1

(|Xu∩Dj ||Xv |−|Xv∩Dj ||Xu|)
2

|Xu||Xv |(|Xu|+|Xv |)
≥ 0

Hence, d (K (Q) ,K (Q ∪D)) ≥ d (K (P ) ,K (P ∪D)).
d (K (Q) ,K (Q ∪D)) = d (K (P ) ,K (P ∪D))
⇔ |Xu ∩Dj | |Xv| − |Xv ∩Dj | |Xu| = 0 ⇔

|Xu ∩Dj | |Xv| = |Xv ∩Dj | |Xu| ⇔
|Xu∩Dj |

|Xu|
=

|Xv∩Dj |
|Xv |

.

Therefore, the condition for equality is ∀Xu, Xv ∈
U/P, Xu 6= Xv if (Xu ∪Xv) ⊆ Yk ∈ U/Q then

|Xu∩Dj |
Xu

=
|Xv∩Dj |

Xv
for ∀j ∈ {1, ..., n}.
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Proposition 3.2 indicates that the bigger the attribute set P
is, the smaller the metric d (K (P ) ,K (P ∪D)) is, and vice

versa. In other words, the metric d (K (P ) ,K (P ∪D)) de-

creases monotonically because the granularity of information

becomes smaller through finer partitions. From the conditions

for equality of Proposition 3.2 and Proposition 2.1, we have

the following proposition.

Proposition 3.3. Let DS = (U,C ∪D,V, f) be a de-

cision table, Q ⊆ P ⊆ C. d (K (Q) ,K (Q ∪D)) =
d (K (P ) ,K (P ∪D)) if and only if H (D |Q ) = H (D |P ).

IV. AN ATTRIBUTE REDUCTION ALGORITHM BASED ON

METRIC

Definition 4.1. Let DS = (U,C ∪D,V, f) be a decision

table and a ∈ C. If d(K (C − {c}) ,K (C − {c} ∪D)) =
d(K (C) ,K (C ∪D)), then a is unnecessary (reducible) for

D in C; else a is necessary for D in C. The set of all necessary

attributes in C are called the core based on metric and denoted

as MCORE(C).
Definition 4.2. Let DS = (U,C ∪D,V, f) be a decision

table. If R ⊆ C satisfies

1) d (K (R) ,K (R ∪D)) = d (K (C) ,K (C ∪D))

2) ∀r ∈ R, d(K (R− {r}) ,K (R− {r} ∪D)) 6=
d(K (C) ,K (C ∪D))
then R is called a reduct of C based on metric. Let

MRED(C) be the set of all reducts based on metric.

From Proposition 3.3, we can conclude that the core and

the reduct based on metric are the same as those based on

Shannon entropy. Therefore, MCORE (C) = HCORE (C)
and MRED (C) = HRED (C).
Definition 4.3. Let DS = (U,C ∪D,V, f) be a deci-

sion table and B ⊂ C. The significance of attribute b ∈
C − B is defined as SIGB (b) = d (K (B) ,K (B ∪D))
−d (K (B ∪ {b}) ,K (B ∪ {b} ∪D)) where [ui]∅ = U for

any ui ∈ U, i ∈ {1, ..., |U |}.

Definition 4.3 implies that the significance of attribute

b ∈ C − B is measured by the changes of the metric

d (K (B) ,K (B ∪D)) when b is added to B, the bigger

value of SIGB (b) is, the more important attribute b is. This

significance of attribute is a attribute selection criterion in our

heuristic algorithm for attribute reduction.

According to Definition 2.4, the core is unique, and it is

the intersection of all reducts. Thus, it can be taken as the

beginning point of finding the reduct. In this paper, in order

to find the reduct, first, we compute the core; then the most

important attribute is chosen from searching space and added

into the core. The above processes are done until we get the

reduct.

Algorithm 4.1. Finding the core based on metric.

Input: A decision table DS = (U,C ∪D,V, f).

Output: The core MCORE(C).

1. MCORE (C) = ∅;

2. Calculate d (K (C) ,K (C ∪D));

3. For each c ∈ C

4. Begin

5. Calculate d(K (C − {c}) ,K (C − {c} ∪D));

6. If d(K (C − {c}) ,K (C − {c} ∪D)) 6=
d(K (C) ,K (C ∪D)) then MCORE (C) :=
MCORE (C) ∪ {c} ;

7. End;

8. Return MCORE(C);

With usage of the method for calculating the partition U/C
in [6], the time complexity to calculate d (K (C) ,K (C ∪D))
is O (|C| |U |). Consequently, the time complexity of Algo-

rithm 4.1 is O
(

|C|2 |U |
)

.

Let DS = (U,C ∪D,V, f) be a decision table, R ⊂ C
and a ∈ C − R. Suppose that U/R = {R1, R2, ..., Rk},

U/R∪{a} =
{

R1
1, R

1
2, ..., R

1
m

}

. According to Definition 4.3,

the significance of the attribute a ∈ C − R is SIGR (a) =

1
|U|

m
∑

i=1

n
∑

j=1

|R1

i∩Dj|
2

|R1

i |
− 1

|U|

k
∑

i=1

n
∑

j=1

|Ri∩Dj |
2

|Ri|
(4.1)

To calculate SIGR (a), we must calculate U/R and U/R∪
{a}. This paper proposes an effictive algorithm to calculate

U/R ∪ {a} when U/R has already calculated. The algorithm

as follows.

Algorithm 4.2. Calculating U/R ∪ {a}.

Input: U/R = {R1, R2, ..., Rk}.

Output: U/R ∪ {a}.

1. TMP = ∅;

2. For each Ri ∈ U/R do

3. Begin

4. Calculate Ri/ {a};

5. TMP = TMP ∪ Ri/ {a};

6. End;

7. Return (TMP );

With usage of the methods for calculating the partition

U/C in [6], the time complexity to calculate Ri/ {a} is

O (|Ri|). Therefore, the time complexity of Algorithm 4.2 is
k
∑

i=1

O (|Ri|) = O (|U |).

Algorithm 4.3. Finding a reduct based on metric.

Input: A decision table DS = (U,C ∪D,V, f).

Output: One reduct R of C.

1. Using Algorithm 4.1, we get MCORE(C);

2. R = MCORE(C);

// add the most important attributes little by little to the core

3. While d (K (R) ,K (R ∪D)) 6= d (K (C) ,K (C ∪D))

4. Begin

5. For each a ∈ C −R

6. Begin

7. Calculate d (K (R ∪ {a}) ,K (R ∪ {a} ∪D));

8. Calculate SIGR (a) = d (K (R) ,K (R ∪D))−

d (K (R ∪ {a}) ,K (R ∪ {a} ∪D)) ;

9. End;

10. Select am ∈ C −R such that

SIGR (am) = Max
a∈C−R

{SIGR (a)};

11. R = R ∪ {am};

12. Calculate d (K (R) ,K (R ∪D));
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13. End;

//Deleting redundant attributes in R

14. R∗ = R−MCORE (C);

15. For each a ∈ R∗

16. Begin

17. Calculate d (K (R− {a}) ,K (R− {a} ∪D));

18. If d (K (R − {a}) ,K (R− {a} ∪D)) =

d (K (C) ,K (C ∪D)) then R = R− {a};

19. End;

20. Return R;

Computational complexity analysis of Algorithm 4.3

Let us consider While loop from Command line 3 to

Command line 13. According to the equation (4.1), to compute

SIGR (a) we only need to compute U/R ∪ {a} because

U/R have already been computed in the previous step.

According to Algorithm 4.2, the time complexity to com-

pute U/R ∪ {a} when U/R has already been calculated is

O (|U |), so the time complexity to compute all SIGR (a) is

(|C|+ (|C| − 1) + ...+ 1)∗|U | = (|C| ∗ (|C| − 1) /2)∗|U | =

O
(

|C|2 |U |
)

.

The time complexity to choose maximum for significance

of attribute is |C|+(|C| − 1)+ ...+1 = |C| ∗ (|C| − 1) /2 =

O
(

|C|2
)

. The For loop at Command line 15 runs |R∗| times,

each time we have to compute d (K (R) ,K (R ∪D)) with

O (|R| |U |) complexity. So the time complexity of Command

line 15 is O (|R∗| |R| |U |). Thus the time complexity of this

algorithm is O
(

|C|2 |U |
)

.

With attribute reduction algorithms based on Shan-

non entropy, the time complexity of MIBARK Algorithm

[7], CEBARKNC Algorithm and CEBARKCC Algorithm

[18] is O
(

|C| |U |2 + |U |3
)

, O
(

|C|2 |U |+ |C| |U |3
)

and

O
(

|C| |U |2 + |U |3
)

respectively. Therefore, Algorithm 4.3 is

more effective than the above algorithms in theory.

Time complexity of attribute reduction algorithms depends

on time complexity of U/C calculation. Algorithm 4.3 is

considered more effective than the above algorithms with the

same U/C calculation [6] for the following reasons:

1) Algorithm 4.3 uses Algorithm 4.2 to compute U/R∪{a}
based on U/R. So the time complexity is reduced.

2) To compute the metric, we need only to carry out

simple arithmetic operations, while to compute the conditional

entropy, we have to compute the logarithm of the frequency,

a time-consuming operation.

V. EXAMPLE

A decision table DS = (U,C ∪D,V, f) is shown in

TABLE I, where C = {a1, a2, a3}, D = {d}, U =
{u1, u2, u3, u4, u5, u6, u7}.

We have U/ {d} = {{u1, u3} , {u2, u4, u5, u6, u7}},

U/C = {{u1, u2} , {u3, u4, u5} , {u6} , {u7}}. Using Algo-

rithm 4.1 to find the core, we have

TABLE I
THE DECISION TABLE

U a1 a2 a3 d

u1 0 1 1 0
u2 0 1 1 0
u3 0 1 1 0
u4 0 1 1 0
u5 0 1 1 0
u6 0 1 1 0
u7 0 1 1 0

d (K (C) ,K (C ∪ {d})) = 1 − 1
|U|

n
∑

i=1

m
∑

j=1

|Ci∩Dj |
2

|Ci|
= 1 −

1
7

(

12

2 + 12

2 + 12

3 + 22

3 + 12

1 + 12

1

)

= 1
3 . Similarly,

d (K (C − {a1}) ,K ((C − {a1}) ∪ {d})) = 1
3

d (K (C − {a2}) ,K ((C − {a2}) ∪ {d})) = 1
3

d (K (C − {a3}) ,K ((C − {a3}) ∪ {d})) = 12
35

Therefore, MCORE (C) = {a3}.

Using Algorithm 4.3 to find a reduct, we have

R = {a3}, d (K ({a3}) ,K ({a3, d})) = 17
42 . So

d (K ({a3}) ,K ({a3, d})) 6= d (K (C) ,K (C ∪D)), go to

the While loop. SIG{a3} (a1) = d (K ({a3}) ,K ({a3, d}))−
d (K ({a1, a3}) ,K ({a1, a3, d})) = 17

42 − 1
3 = 1

14 . Similarly,

we compute SIG{a3} (a2) = SIG{a3} (a1) =
1
14 .

Because a1 and a2 have the same significance, so we

can choose either a1 or a2. Suppose that we choose a1,

then R = {a1, a3} and d (K ({a1, a3}) ,K ({a1, a3, d})) =
d (K (C) ,K (C ∪ {d})). Go to the For loop.

Consider R∗ = R − MCORE(C) = {a1}, R − {a1} =
{a3}, d (K ({a3}) ,K ({a3, d})) 6= d (K (C) ,K (C ∪ {d})).
Therefore, R = {a1, a3} is a reduct of C.

VI. EXPERIMENTS

The experiments on PC (Pentium Dual Core 2.13 GHz,

1GB RAM, WINXP) are performed on 8 data sets obtained

from UCI Machine Learning Repository [23]. We compare

CEBARKCC Algorithm (AL01 for short) with Algorithm

4.3 (AL02 for short). The results of experiments are showm

in TABLE II and TABLE III, where |U |, |C|, |R| are the

numbers of objects, condition attributes, and after reduction

respectively, and t is the time of operation (calculated by

second). Condition attributes will be denoted by 1, 2,...,|C|.
The results show that the reduct of Algorithm 4.3 is the

same as that of the CEBARKCC Algorithm. However, the

time of operation in Algorithm 4.3 is faster than that in the

CEBARKCC Algorithm. It means that Algorithm 4.3 is more

effective. Furthermore, the reducts of these data sets in our

experiments are the same as those in [15, 16, 17]. This proves

result of the experiments.

VII. CONCLUSION

In this paper, we have proposed a method to construct

a metric on the family of knowledge structures. Based on

proposed metric, we have proposed a new method for attribute

reduction in decision tables. The paper has proved theoretically

and experimentally that this metric method is more effective

than other methods based on conditional Shannon entropy.
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TABLE II
THE RESULTS OF ALGORITHM 4.3 AND CEBARKCC ALGORITHM

Seq Data sets |U | |C| AL01 AL02
|R| t |R| t

1 Tic-tac-toe 958 9 8 8.343 8 5.937
2 Hepatitis 155 19 3 0.484 3 0.312
3 Lung-cancer 32 56 4 0.78 4 0.62
4 Automobile 205 25 6 3.921 6 2.562
5 Abalone 4177 8 3 256.12 3 127.43
6 Liver-disorders 345 6 3 0.796 3 0.531
7 Iris 150 4 3 0.93 3 0.78

TABLE III
THE REDUCTS OF ALGORITHM 4.3 AND CEBARKCC ALGORITHM

Seq Data sets The reducts of AL01 The reducts of AL02
1 Tic-tac-toe 1, 2, 3, 4, 5, 7, 8, 9 1, 2, 3, 4, 5, 7, 8, 9

2 Hepatitis 2, 15, 16 2, 15, 16
3 Lung-cancer 3, 4, 9, 43 3, 4, 9, 43

4 Automobile 1, 2, 7, 14, 20, 21 1, 2, 7, 14, 20, 21

5 Abalone 2, 5, 6 2, 5, 6
6 Liver-disorders 1, 2, 5 1, 2, 5

7 Iris 1, 2, 3 1, 2, 3
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