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Abstract—In this paper we present a new approach to belief
revision. In contrast to traditional formalizations of this problem,
where all pieces of information included in a knowledge base have
identical status, we explicitly distinguish between observations,
i.e., facts which an agent observes or is being told, and facts

representing a general, sometimes defeasible, knowledge about
the considered world.1

This distinction allows us to deal with scenarios that cannot
be properly modelled using existing belief revision operators.
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I. INTRODUCTION

BELIEF revision [1], [13] is the task of modifying a rea-

soner’s knowledge base when new information becomes

available. More specifically, given a knowledge base KB,

representing the reasoner’s belief set, and a piece of new

information α, the task is to determine the new reasoner’s

knowledge base KB ∗ α.2

There are three important assumptions underlying belief

revision. First, it is assumed that the reasoner’s knowledge

base KB may be incorrect. Second, the reasoner’s environment

is supposed to be static.3 Finally, whenever the new piece of

information α is inconsistent with the current knowledge base,

new information is considered to be more reliable than the

knowledge base.

In [1], we are provided with a number of postulates, usually

referred to as the AGM postulates, which any reasonable

belief revision operator should satisfy. Katsuno and Medelzon

reformulated these postulates for the case when KB is a finite

knowledge base. Probably the most uncontroversial of their

postulates is the following.

If KB ≡ KB′ and α ≡ α′, then KB ∗ α ≡ KB′ ∗ α′.

The above postulate is indisputable. We must not accept

different results if equivalent knowledge bases are revised by

1In our earlier paper [10], we postulated to separate observations and
general knowledge. However, an approach presented here significantly differs
from that proposed in [10]. (See discussion in section IX.)

2Introducing a belief revision paradigm, Alchourron et al. assumed that KB
is a belief set, i.e. a deductively closed set of formulae. However it seems to
be more practical to regard KB as a finite set of formulae, representing a
belief set ([8]).

3That is, α is not the result of an action. The task of revising a knowledge
base by a formula being an effect of an action is known in the AI literature
as belief update ([7], [11], [4]).

equivalent formulae. However, consider the following exam-

ple.

Example 1: Suppose that I observed that Tweety is a bird

and I know that birds typically fly. Thus my knowledge base

is KB = {p, p ⇒ q}, where p and q stand for “Tweety is

a bird” and “Tweety flies”, respectively. Suppose further that

my new observation α is ¬p. Clearly removing p from KB,

I have also to remove q.4 Hence, KB ∗ α = {¬p, p⇒ q}.
Assume now that I have been told that Mary is married

and John is rich. Hence my knowledge base KB′ = {p, q},
where p and q stand for “Mary is married” and “John is rich”,

respectively. Let α = ¬p. Intuition dictates that KB′ ∗ α
is {¬p, q}. On the other hand KB and KB′ are logically

equivalent!

Example 1 shows that we have to distinguish between

formulae representing observations and formulae representing

general knowledge that can be used to draw conclusions from

observations.5

As regards Example 1, in KB p⇒ q represents knowledge,

whereas p is an observation. In KB′ both p and q are

observations.6

In this paper we propose a new form of belief revision.

It differs from traditional approaches in that observations are

separated from formulae representing general knowledge about

the world. In addition, the latter formulae are divided into two

classes: defeasible statements like ”a bird typically flies” and

domain axioms like “a penguin is a bird”.

The paper is organized as follows. In section II, we provide

preliminary definitions. In section III, we present a general

belief change framework, defined in [3], which forms a basis

for our approach. Our belief revision operator is introduced in

section IV. In section V, we shortly discuss our proposal in the

context of the AGM postulates. In section VI, we illustrate the

introduced operator by considering a number of examples. In

4This is because our belief that Tweety flies was based on the assumption
that she was a bird.

5In the philosophical literature the term “knowledge” stands for statements
that are true. Here we also use this term to denote defeasible statements like
“birds typically fly”. For more detailed discussion of this point see Remark 2.

6The term “observation” mean here either an observation made directly by
an agent or communicated to the agent by other sources.
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section VII, we introduce a prioritized version of our operator.

In section IX, we provide a comparison with related work.

Finally, section X contains concluding remarks.

II. PRELIMINARIES

We deal with propositional language based on a finite set

of propositional letters, referred to as atoms. We distinguish

two special atoms ⊤ and ⊥, denoting the truth and the falsity

respectively. Formulae are constructed in the usual way using

standard connectives ¬, ∧, ∨, ⇒ and ⇔. The set of all

formulae over a set of atoms P , called the language over P ,

will be denoted by LP . A literal is an atom or its negation.
We write Th to denote the provability operator of propo-

sitional logic.We say that a set of formulae X ⊆ LP is

deductively closed iff Th(X) = X .
A formula corresponding to a finite set of formulae X is

the conjunction of all members of X . If X is the empty set,

then a formula corresponding to X is ⊤.
Let X be any finite set of formulae. We write X∧ to denote

the conjunction of all members of X .
Let p be an atom and suppose that α is a formula. We

write ∃p.α to denote the formula α[p ← ⊤] ∨ α[p ← ⊥]. If

P = {p1, . . . , pn} is a set of atoms and α is a formula, then

∃P.α stands for ∃p1 · · · ∃pn.α.
A formula of the form ∃P.α, where P = {p1, . . . , pn}, is

called an eliminant of {p1, . . . , pn} in α. Intuitively, such an

eliminant can be viewed as a formula representing the same

knowledge as α about all atoms occurring in α except those

in P and providing no information about the atoms in P .

The reader interested in a detailed theory of eliminants should

consult Brown [2].7

The following theorem holds.
Theorem 1: Let X be a finite set of formulae over LP∪Q,

where P and Q are disjoint sets of atoms. Then Th(X)∩LP =
Th(∃Q.X∧).

III. CONSISTENCY-BASED BELIEF CHANGE

Our approach is heavily influenced by a consistency-based

framework for expressing belief change, introduced in [3].

This framework is based on the following notion.
Definition 1: A belief change scenario is a triple B =
〈K,R,C〉, where K,R and C are sets of formulae over a

fixed propositional language LP .
Informally, K is a knowledge base which is to be modified

in such a way that the resulting knowledge base includes all

elements from R and does not include any element from C.

The modified knowledge base corresponding to B will be

denoted by K ∔R−̇C.

Remark 1: If C is empty, then a belief change scenario

describes belief revision. If R is empty and C contains a single

formula, then a belief change scenario describes contraction.8

7In the AI literature, eliminants are sometimes referred to as forget

operators, see [9].
8Contraction is a dual notion of revision, where beliefs are retracted but no

new beliefs are added. This notion will be of no interest here.

A central notion connected with a belief change scenario is

that of an extension.

Definition 2: Let B = 〈K,R,C〉 be a belief change sce-

nario over LP . Define a new set P ′ of atoms, isomorphic

with P , given by P ′= {p′ : p ∈ P}. Let K ′ be a knowledge

base obtained from K by replacing any p ∈ P by p′ ∈ P ′.

Let EQ be a maximal (wrt set inclusion) set of equivalences

{p⇔ p′|p ∈ P} such that Th(K ′ ∪EQ∪R)∩ (C ∪⊥) = ∅.
The set Th(K ′ ∪ EQ ∪ R) ∩ LP is called a belief change

extension of B.

If there is no such set EQ, then B is inconsistent and LP
is a unique (inconsistent) belief change extension of B.

Note that EQ can be equivalently defined as a maximal set

of equivalences {p⇔ p′|p ∈ P} such that

K ′ ∪ EQ ∪R 0 α, for every α ∈ C ∪ ⊥. (1)

Intuitively, a belief change extension of B is a modification

of K which includes all formulae from R and which includes

no formula from C.

For a given belief change scenario, there may be more than

one extension. In such a case the modified knowledge base

will be identified with the intersection of all extensions.

Definition 3: Let (Ei)i∈I be the class of all belief change

extensions of B = 〈K,R,C〉. Then

K ∔R−̇C =
⋂

i∈I

Ei.

Example 2: Consider a belief change scenario B =
〈K,R,C〉, where

K = {p ∧ q ∧ r}; R = {¬p ∨ ¬q}; C = {r}.

K ′ = {p′∧q′∧r′}. We first look for maximal sets EQ ⊆ {p⇔
p′, q ⇔ q′, r ⇔ r′} such that {p′ ∧ q′ ∧ r′}∪{¬p∨¬q}∪EQ

is consistent and {p′ ∧ q′ ∧ r′} ∪ {¬p∨ ¬q} ∪EQ 0 r. These

are EQ1 = {p⇔ p′} and EQ2 = {q ⇔ q′}. Therefore, there

are two extensions

E1 = Th({p′ ∧ q′ ∧ r′} ∪ {¬p ∨ ¬q} ∪ {p⇔ p′}) ∩ L{p,q,r}

E2 = Th({p′ ∧ q′ ∧ r′} ∪ {¬p ∨ ¬q} ∪ {q ⇔ q′}) ∩ L{p,q,r}

In conclusion, K ∔R−̇C = E1 ∩E2 = Th({p⇔ ¬q}).

According to Definitions 2 and 3, a modified knowledge

base corresponding to a given belief change scenario is de-

ductively closed and hence, infinite. However, if K , R and C

are all finite, a modified knowledge base can be given a finite

representation. The details follow.

If an atom appears in a knowledge base K but not in R ∪
C, then this atom has no influence on extensions of a belief

change scenario. Similarly, if an atom appears in R∪C, but not

in K . Therefore, while constructing EQ sets, we can restrict

our attention to atoms that appears in K ∩ (R ∪ C).
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If X is any set of formulae, then ATM(X) denotes the set

of all atoms occurring in X .

The following result can be found in [3].

Theorem 2: Let B = 〈K,R,C〉 be a belief change scenario

over LP . Let Q = ATM(K) ∩ (ATM(R) ∪ ATM(C)).
Define a new set Q′ of atoms, isomorphic with Q, given by

Q′= {q′ : q ∈ Q}. Let K ′ be a knowledge base obtained from

K by replacing any q ∈ Q by q′ ∈ Q′. Let EQ be a maximal

(wrt set inclusion) set of equivalences {q ⇔ q′ : q ∈ Q}
such that Th(K ′ ∪ EQ ∪ R) ∩ (C ∪ ⊥) = ∅. The set

Th(K ′ ∪ EQ ∪R) ∩ LP is a belief change extension of B.

A belief change scenario B = 〈K,R,C〉 is said to be finite

if the sets K , R and C are all finite.

The following algorithm can be used for computing exten-

sions of finite belief change scenarios.9

Algorithm 1: Let B = 〈K,R,C〉 be a finite belief change

scenario over LP . Let Q, Q′ and K ′ be as in Theorem 2.

(1) [Computing EQ sets].

Compute all maximal (wrt set inclusion) sets,

EQ1, . . . EQn, of equivalences {q ⇔ q′ : q ∈ Q} such

that Th(K ′ ∪ EQi ∪ R) ∩ (C ∪ ⊥) = ∅. If there is

no such set, then return LP as a sole (inconsistent)

extension of B and stop. Otherwise:

(2) [Eliminating primed variables]

Let γ1, . . . , γn be formulae corresponding to sets K ′ ∪
EQ1 ∪R, . . . ,K ′ ∪EQn ∪R. Put FEi = ∃Q

′.γi.

Return Th(FE1), . . . , Th(FEn) as extensions of B.

The correctness of the above algorithm follows from The-

orems 1 and 2.

Since, for any formulae α1, . . . , αn, Th(α1) ∩ · · · ∩
Th(αn) = Th(α1 ∨ · · · ∨ αn), the following result holds.

Theorem 3: Let B = 〈K,R,C〉 be a finite belief change

scenario and let FE1, . . . , FEn be formulae specified in

Algorithm 1. The modified knowledge base corresponding to

B is given by

K ∔R−̇C = Th(FE1 ∨ · · · ∨ FEn).

Formulae FE1, . . . , FEn can be viewed as finite repre-

sentations of extensions of a belief change scenario B =
〈K,R,C〉, whereas FE1∨· · ·∨FEn can be viewed as a finite

representation of a modified knowledge base corresponding to

the scenario. This disjunction will be denoted by K ⊕R⊖C.

In the sequel we will make use of the following lemma.

Lemma 1: Let B = 〈K, {α}, {¬β}〉 be a belief change

scenario. If K∪{α}∪{β} is consistent, then K⊕{α}⊖{¬β}
is equivalent to K ∪ {α}.
Proof Follows immediately from the fact that there is one EQ

set associated with B, containing all equivalences of the form

p⇔ p′, where p is any atom from ATM(K)∩(ATM({α})∪
ATM({β}).

9This algorithm is simpler than a similar algorithm provided in [3].

Example 3 (Continuation of Example 2): Reconsider a be-

lief change scenario from Example 2

K = {p ∧ q ∧ r}; R = {¬p ∨ ¬q}; C = {r}.

As we saw, there are two EQ sets, namely EQ1 = {p⇔ p′}
and EQ2 = {q ⇔ q′}. Hence, γ1 = p′ ∧ q′ ∧ r′ ∧ (p ⇔
p′)∧ (¬p∨¬q) and γ2 = p′ ∧ q′ ∧ r′ ∧ (q ⇔ q′)∧ (¬p∨¬q).
Eliminating p′, q′ and r′, we get FE1 = p∧(¬p∨¬q) ≡ p∧¬q
and FE2 = q ∧ (¬p ∨ ¬q) ≡ q ∧ ¬p. Thus

K ∔R−̇C = Th(FE1 ∨ FE2) ≡ Th(p⇔ ¬q)

K ⊕R⊖ C = (FE1 ∨ FE2) ≡ p⇔ ¬q.

IV. OUR BELIEF REVISION OPERATOR

In this section we define our belief revision operator.

As we mentioned earlier, we will distinguish between

formulae representing observations and those representing

general knowledge about the world under consideration. In

addition, the latter formulae will be divided into two classes:

those representing defeasible knowledge, like “A bird typically

flies”, and domain axioms, representing general facts that are

always true.10

Remark 2: In the philosophical literature the term “knowl-

edge” is usually reserved for facts that are guaranteed to be

true. In particular, the statement “I know α” implies that α is

true. On the other hand, there is a weaker notion, namely that

of “belief”. The statement “I believe α” does not imply that

α must be true. It implies only that I am prepared to act as if

α were true. (see [14]).

Accordingly, the term “defeasible knowledge”, we use here,

may seem a little strange. However, in our opinion, a statement

like “A bird typically flies” represents a kind of knowledge

rather than a belief. This is because it is true that a typical

bird flies. Of course, if we use this statement to conclude

that a particular bird flies, the conclusion may turn out to be

false. This is the reason why the word “knowledge” has been

preceded by the word “defeasible”.11

Definition 4: A knowledge base is a triple KB =
〈OB,DS,DA〉, where OB, DS and DA are finite sets of

formulae. These sets are referred to as observations, defeasible

statements and domain axioms, respectively.

Let X be any finite set of formulae. Recall that X∧ stands

for the conjunction of all members of F .

Definition 5: Let KB = 〈OB,DS,DA〉 be a knowledge

base and suppose that α is a revision formula representing a

new observation. A revision of KB by α, written KB ∗ α,

10Domain axioms correspond closely to integrity constraints considered in
the theory of data bases. However, there is a subtle difference between these
notions. Integrity constraints are usually assumed to be fixed and external with
respect to a data base. Domain axioms, on the other hand, are considered as
a part of a knowledge base and a new domain axiom can be learned by a
reasoning agent.

11The term “defeasible knowledge” has been first used in [12].
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is a new knowledge base given by 〈OB1, DS,DA〉, where

OB1 = OB ⊕ {α} ⊖ {¬DA∧}. Here OB ⊕ {α} ⊖ {¬DA∧}
is a finite representation of the modified knowledge base

corresponding to belief change scenario 〈OB, {α}, {¬DA∧}〉.
(See section III.)

Observe that defeasible statements and domain axioms are

identical in both knowledge bases. The definition of OB1

requires an explanation. A new set of observations has to

satisfy two conditions. First, it should contain α. Second, it

must be consistent with DA. The framework presented in the

previous section gives us a convenient tool to achieve both of

these goals.
Each knowledge base determines a belief set.
Definition 6: Let KB = 〈OB,DS,DA〉 be a knowledge

base. A belief set corresponding to KB, written BKB , is given

by DS ∔ (OB ∪DA).12

The following result follows immediately from Definitions

5 and 6.
Theorem 4: Let KB = 〈OB,DS,DA〉 be a knowledge

base.

BKB∗α = DS ∔ [(OB ⊕ {α} ⊖ {¬DA∧}) ∪DA].

It is easy to see that the proposed revision operator consists

of two belief changes. First, we alter the observation set OB

with α while maintaining domain axioms. Next we revise the

defeasible pieces of knowledge using the previous result.
Example 4 (Continuation of Example 1): Reconsider first

KB = 〈{p}, {p ⇒ q}, {⊤}〉 and α = ¬p. We first compute

OB1 = {p} ⊕ {¬p} ⊖ {⊥} = {p} ⊕ {¬p}. To this end, we

look for a maximal set EQ ⊆ {p ⇔ p′} such that {p′} ∪
{¬p} ∪ EQ 0 ⊥. There is one such set, namely the empty

set. Thus, the formula corresponding to {p′} ∪ {¬p} ∪ {⊤},
is γ = p′ ∧ ¬p. Eliminating p′ from γ, we conclude that

OB1 = ¬p. Thus, the revised knowledge base, KB ∗ α, is

〈{¬p}, {p ⇒ q}, {⊤}〉. BKB∗α = DS ∔ (OB1 ∪ {⊤}) =
{p⇒ q}∔ {¬p} = Th({p⇒ q,¬p}) = Th({¬p}).

Now consider KB = 〈{p, q}, {⊤}, {⊤}〉 and α = ¬p. It is

easily computed that the revised knowledge base KB ∗ α is

〈{¬p, q}, {⊤}, {⊤} and BKB∗α = Th({¬p, q}).
These results agree with our intuition.

V. PROPERTIES OF OUR REVISION OPERATOR

Alchourron et al.[1] proposed eight postulates, known in

the AI literature as AGM postulates, which, as they claimed,

should be satisfied by every revision operator. In this section

we analyze our revision operator in the context of these

postulates.
We shall need the following notion. Let KB =
〈OB,DS,DA〉 and KB′ = 〈OB′, DS′, DA′〉 be two knowl-

edge bases. KB and KB′ are said to be equivalent, written

KB ≡ KB′, iff OB ≡ OB′, DS ≡ DS′ and DA ≡ DA′.

12K ∔ R is an abbreviation for K ∔R−̇{⊥}.

If KB = 〈OB,DS,DA〉, then KB + α stands for

〈OB ∪ {α}, DS,DA〉. We write OBKB , DSKB and DAKB

to denote a set of observations, a set of defeasible statements

and a set of domain axioms of KB, respectively.

The AGM postulates are the following.13

(1) BKB∗α is deductively closed.

(2) α ∈ BKB∗α.

(3) BKB∗α ⊆ BKB+α.

(4) If ¬α 6∈ BKB , then BKB+α ⊆ BKB∗α.

(5) BKB∗α is inconsistent iff α is inconsistent.

(6) If KB ≡ KB′ and α ≡ α′, then BKB∗α ≡ BKB′∗α′ .

(7) BKB∗(α∧β) ⊆ B(KB∗α) ∪ β.

(8) If ¬β 6∈ BKB∗α, then B(KB∗α) ∪ β ⊆ BKB∗(α∧β).

Theorem 5: Our belief revision operator satisfies the postu-

lates (1), (2), (3), (4), (6) and (7). The The postulate (5) and

(8) are not satisfied.

Proof: The satisfiability of (1), (2) (6) and (7) is obvious.

As regards (3), consider two cases. Assume first that

OBKB ∪ {α} ∪DAKB is inconsistent. Then BKB+α is also

inconsistent and we are done. Otherwise, i.e., if OBKB ∪
{α} ∪ DAKB is consistent, (3) holds in view of Lemma 1.

The postulate (4) follows immediately from Lemma 1.

To see that (5) does not hold, take KB = 〈{⊥}, {⊤}, {⊤}〉
and α = p. Clearly, KB ∗ α is inconsistent, whereas α is

consistent. It is easily verified that a weaker version of (5)

holds, namely BKB∗α is inconsistent iff α is inconsistent or

DA ∪ {α} is inconsistent or OB is inconsistent or DS is

inconsistent.

The following is a counterexample to (8).14

OB = (p ∧ q ∧ r ∧ s) ∨ (¬p¬q ∧ ¬r¬s).
α = (¬p∧¬q∧r∧s)∨(p∧¬q∧¬r∧¬s)∨(¬p∧¬q∧r∧¬s).
β = (¬p ∧ ¬q ∧ r ∧ s) ∨ (p ∧ ¬q ∧ ¬r ∧ ¬s).
DS = ⊤.

DA = ⊤.

We leave it to the reader to show that BKB∗α ∪ {β} =
Th({p∧ ¬q ∧¬r ∧¬s}) and BKB∗(α∧β) = Th({(¬p∧ ¬q ∧
r ∧ s) ∨ (p ∧ ¬q ∧ ¬r ∧ ¬s)}).

VI. EXAMPLES

In this section we illustrate our approach by considering a

number of examples.

Example 5 (Continuation of Example 4): Reconsider

KB = 〈{p}, {p⇒ q}, {⊤}〉 and α = ¬p. We showed that the

revised knowledge base, KB ∗ α, is 〈{¬p}, {p ⇒ q}, {⊤}〉
and BKB∗α = Th({¬p}). Suppose now that we learn that p

holds after all. That is, KB ∗ α should be revised by p. It

is easily computed that the set of new observations is {p}
and so the new knowledge base is 〈{p}, {p ⇒ q}, {⊤}〉.
A belief set corresponding to this knowledge base is

Th({p, p⇒ q}) = Th({p, q}).

13To fit our approach, some of these postulates have been slightly reformu-
lated here.

14This counterexample has been given in [7] for a different revision
operator. However it can also serve for our purposes.
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To see that these results agree with our intuition, assume

that p and q stand for “Tweety is a bird” and “Tweety flies”,

respectively. Our initial knowledge base consists of “Tweety

is a bird” and “if Tweety is a bird, then she flies”. This allows

us to conclude that Tweety flies. When we learn that Tweety is

not a bird, the conclusion that she flies must be withdrawn. But

if we later learn that Tweety is a bird after all, this conclusion

is again plausible.

Example 6: Consider now the knowledge base KB =
〈{b}, {b ⇒ f}, {p ⇒ ¬f, p ⇒ b}〉, where b, f and p

are abbreviations for “Tweety is a bird”, “Tweety flies” and

“Tweety is a penguin”, respectively. Suppose that the new

observation, α, is p.

The new set of observations is OB1 = {b, p}. (There is

one EQ set, namely {b ⇔ b′}.) Thus, the revised knowl-

edge base is 〈{b, p}, {b ⇒ f}, {p ⇒ ¬f, p ⇒ b}〉. A

belief set corresponding to this knowledge base, BKB∗α, is

{b⇒ f}∔{b, p, p⇒ ¬f, p⇒ b}. Performing straightforward

calculations, we get BKB∗α = Th({b, p,¬f}).
Note that being a penguin is more specific than being a bird.

So, the conclusion that Tweety does not fly is what intuition

dictates.

Example 7: Consider the knowledge base KB = 〈{mo ∨
jo, jc}, {⊤}, {jc ⇒ ¬jo,mc ⇒ ¬mo}〉, where mo, mc,

jo and jc stand for “John is in his office”, “John is on

the corridor”, “Mary is in her office” and “Mary is on the

corridor”, respectively. Assume that a revision formula is

α = ¬mo.

A new set of observations is

OB1 = {mo ∨ jo, jc} ⊕ {¬mo} ⊖ {(jc ∧ jo) ∨ (mc ∧mo)}.

We first look for maximal sets EQ ⊆ {mo ⇔ mo′, jo ⇔
jo′, jc ⇔ jc′} such that {mo′ ∨ jo′, jc′} ∪ {¬mo} ∪ EQ

is consistent and {mo′ ∨ jo′, jc′} ∪ {¬mo} ∪ EQ 0 (jc ∧
jo) ∨ (mc ∧mo). There are three such sets, namely EQ1 =
{jo ⇔ jo′,mo ⇔ mo′}, EQ2 = {jc ⇔ jc′,mo ⇔ mo′}
and EQ3 = {jo ⇔ jo′, jc ⇔ jc′}. Accordingly, there

are three FE formulae (see Algorithm 1), namely FE1 =
∃jc′∃mo′∃jo′.[(mo′∨jo′)∧jc′∧¬mo∧ (jo⇔ jo′)∧ (mo⇔
mo′), FE2 = ∃jc′∃mo′∃jo′.[(mo′∨jo′)∧jc′∧¬mo∧ (jc⇔
jc′)∧ (mo⇔ mo′) and FE3 = ∃jc′∃mo′∃jo′.[(mo′ ∨ jo′)∧
jc′ ∧ ¬mo ∧ (jo ⇔ jo′) ∧ (jc ⇔ jc′). It is easily verified

that FE1, FE2 and FE3 reduce to ¬mo∧ jo, ¬mo∧ jc and

¬mo ∧ jc, respectively. Thus, OB1 = ¬mo ∧ (jc ∨ jo), and

hence KB ∗α = 〈{¬mo∧ (jc∨jo)}, {⊤}, {jc⇒ ¬jo,mc⇒
¬mo}〉. A belief set corresponding to this knowledge base

is given by BKB∗α = {⊤} ∔ {¬mo ∧ (jc ∨ jo)} ∪ {jc ⇒
¬jo,mc ⇒ ¬mo} = Th({¬mo ∧ (jc ∨ jo)} ∪ {jc ⇒
¬jo,mc⇒ ¬mo} = Th({¬mo∧(jo∧¬jc∨jc∧¬jo)∧(jc⇒
¬jo) ∧ (mo⇒ ¬mc)). Thus, after revision, we conclude that

Mary is not in her office, whereas John is in his office or on

the corridor, but not in both of these places.

.

VII. PRIORITIZED BELIEF REVISION

It is not difficult to see that our revision operator specifies a

priority ordering on different kinds of knowledge. The highest

priority is assigned to domain axioms. The lower priority is

connected with observations which are revised before defea-

sible statements. Finally, the lowest priority is assigned to

defeasible statements. However, it turns out that sometimes

it is necessary to provide additional priority ordering on

defeasible statements. The following example will help to

illustrate this point.15

Example 8: Consider the following facts.

Mary is an adult.

Typically, if Mary is an adult, then Mary is employed.

Typically, if Mary is a full-time student, then Mary is

not employed.

This is represented by KB = 〈OB,DS,DA〉, where (here

A, F and E stand for “Mary is an adult”, “Mary is a full-time

student” and “Mary is employed”, respectively)

OB = {A}
DS = {A⇒ E, F ⇒ ¬E}
DA = {⊤}.

Suppose that we have learned that Mary is a full-time

student. Therefore, KB should be revised by α = F . It

is immediately seen that OB1 = OB ⊕ {F} ⊖ {⊥} =
OB ⊕ {F} = {A,F}. Thus the revised knowledge base,

KB ∗ α, is 〈{A,F}, {A ⇒ E, F ⇒ ¬E}, {⊤}〉. To

compute a set of beliefs corresponding to this knowledge base,

we calculate {A ⇒ E, F ⇒ ¬E} ⊕ {A,F}. The set

of atoms occurring both in DS and OB1 is {A,F}. Thus

we look for maximal EQ ⊆ {A ⇔ A′, F ⇔ F ′} such

that {A ⇒ E, F ⇒ ¬E} ∪ {A,F} ∪ EQ is consistent.

There are two such sets, namely EQ1 = {A ⇔ A′} and

EQ2 = {F ⇔ F ′}. Accordingly, there are two FE formulae

(see Algorithm 1), namely FE1 = ∃A′∃F ′.(A′ ⇒ E)∧(F ′ ⇒
¬E) ∧ A ∧ F ∧ (A ⇔ A′) which reduces to A ∧ F ∧ E and

FE2 = ∃A′∃F ′.(A′ ⇒ E)∧ (F ′ ⇒ ¬E)∧A∧F ∧ (F ⇔ F ′)
which reduces to A∧F ∧¬E. Thus BKB∗α = Th({(A∧F ∧
E) ∨ (A ∧ F ∧ ¬E)} = Th({A,F}).

This result is intuitively unacceptable. Given that Mary is

an adult full-time student, we should not be agnostic about

her employment status. Rather, we should infer that Mary is

unemployed.

There is an obvious conflict between the both defeasible

statements. Given that Mary is an adult, there is a reason to

believe that she is employed. Given that she is a full-time

student, there is reason to believe the contrary. In consequence,

neither of these conclusions can be inferred.

To resolve this problem, the priority assigned to F ⇒ ¬E
should be higher than that assigned to A ⇒ E. This simply

means that the former of these formulae should be considered

before the latter during the revision process. To achieve this

effect, we divide the set DS into DS1 = {A ⇒ E} and

15This is a propositional version of a classical example presented first in
[15] in the context of default reasoning (see also [16]).
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DS2 = {F ⇒ ¬E} and define BKB∗α as DS1 ∔ (DS2 ⊕
(OB1 ∪DA)) instead of DS ∔ (OB1 ∪DA).

Recall that OB1 ∪ DA = {A,F}. Thus, DS2 ⊕ (OB1 ∪
DA) = DS2 ⊕ {A,F} = {A,F,¬E}. Therefore, BKB∗α =
{DS1 ∔ {A,F,¬E} = {A ⇒ E} ∔ {A,F,¬E} =
Th({A,F,¬E}).

This agrees with our intuition.

We are now ready to provide a formal definition of priori-

tized version of our revision operator. Consider a knowledge

base KB = 〈OB,DS,DA〉. We begin by breaking DS

into disjoint sets DS1, . . . , DSn. The intention is that the

elements of DSn are given the highest priority, those of

DSn−1 the second priority, etc. We express this by writing

DS1 < DS2 < · · · < DSn.

Definition 7: Let KB = 〈OB,DS,DA〉 be a knowledge

base and α be a revision formula. Let OB1 = OB ⊕ {α} ⊖
{¬DA∧}. The prioritized belief revision of KB by α with

respect to priorities DS1 < DS2 < · · · < DSn, written

KB ∗[DS1<DS2<···<DSn] α, is the formula

DS1 ∔ (DS2 ⊕ · · · (DSn ⊕ (OB1 ∪DA) · · ·).

It should be noted that the prioritized version of our belief

operator does not change the revised knowledge base K ∗ α
which remains as in Definition 5.

VIII. ABSORBING KNOWLEDGE

So far we have assumed that a revision formula is an

observation. In this section we redefine our revision operator

under the assumption that this formula is a piece of knowledge.

Suppose first that the revising formula α represents a

domain axiom. In this case we proceed as follows.

Definition 8: Let KB = 〈OB,DS,DA〉 and suppose

that α is a revision formula representing a domain axiom.

The revised knowledge base is defined by KB ∗ α =
〈OB1, DS,DA∪{α}〉, where OB1 = OB⊕{⊤}⊖{¬(DA∪
{α})∧}. Here OB ⊕ {⊤} ⊖ {¬(DA ∪ {α})∧} is a finite

representation of the modified knowledge base corresponding

to belief change scenario 〈OB, {⊤}, {¬(DA∪ {α})∧}〉. (See

section III.)

Note that the addition of a new domain axiom may contra-

dict a set of observations. This is the reason why this set is

modified.

Definition 8 assumes that a new domain axiom is consistent

with the set of the current domain axioms. This assumption

seems natural. However, if one wanted to reject it, KB ∗ α
should be defined as 〈OB1, DS,DA ⊕ {α}〉, where OB1 is

specified as before.

Example 9: This is a variant of Example 6. Let KB =
〈{p}, {b ⇒ f}, {p ⇒ b}〉, where b, f and p stand for

“Tweety is a bird”, “Tweety flies” and “Tweety is a penguin”,

respectively. Since there is no information that penguins do

not fly, KB can be used to conclude that Tweety is a flier.

This is indeed the case. We leave it to the reader to show that

f ∈ BKB .

Suppose now that we revise our knowledge base by a do-

main axiom α = (p⇒ ¬f). KB∗α = 〈OB1, {b⇒ f}, {p⇒
b, p⇒ ¬f}〉, where OB1 = {b} ⊕ {⊤} ⊖ {¬[(p⇒ b ∧ (p⇒
¬f)]} = {b, p}. Thus KB ∗ α = 〈{b, p}, {b ⇒ f}, {p ⇒
b, p⇒ ¬f}〉. Performing straightforward calculations, we get

¬f ∈ BKB∗α.

Example 10: Let KB = 〈{p, q}, {⊤}, {⊤}〉 and suppose

that a revision formula is a new domain axiom α = (p ⇒
¬q}.16 OB1 = {p, q}⊕{⊤}⊖{¬(⊤∧(p⇒ ¬q))} = {p, q}⊕
{⊤} ⊖ {p ∧ q}. It is easily verified that OB1 = {p ∨ q} and

BKB∗α = Th({p⇔ ¬q}.

Suppose now that a revision formula α is a defeasible

statement. In this case we proceed as follows.

Definition 9: Let KB = 〈OB,DS,DA〉 and suppose that

α is a revision formula representing a defeasible statement.

The revised knowledge base is defined by KB ∗ α =
〈OB,DS1, DA〉, where DS1 = DS ⊕ {α}.

Note that a belief set associated with 〈OB,DS1, DA〉 is

DS1 ∔ (OB ∪ DA). Therefore, there is no need to require

consistency of DS1 ∪OB ∪DA.

IX. RELATED WORK

Our formalization of belief revision is based on the as-

sumption that observations should be separated from knowl-

edge. Similar assumption is also made in [10]. However

there are three important differences between both of the

approaches.

(i) In [10] a knowledge base is a pair 〈OB,A〉, where OB

is a set of observations and A is a set of domain axioms.

Thus, formulae representing defeasible knowledge like

“A bird typically flies” must be treated as observations.

Example 1 shows that this may lead to strange results.

(ii) In [10] it is assumed that a new observation describes

exactly what a reasoning agent knows at the moment

about the aspect of the world the observation concerns.

For instance, if all we believe is p and new observation

is p ∨ q, then after revision all we believe is p ∨ q. This

point will be discussed in detail in the next section.

(iii) In contrast to the belief revision operator presented here,

the operator specified in [10] is based on eliminating non-

redundant atoms.

X. CONCLUDING REMARKS

The AGM postulates of belief revision introduce mathemat-

ically consistent and elegant theory. However, to obtain a clear,

simple and manageable model, substantial simplifications have

been made (see [6] for a discussion of this point). These

simplifications often lead to unintuitive results.

In this paper we have rejected one of those simplifications,

namely the assumption that a knowledge base is unstructured.

16Observe that α is inconsistent with the current set of observations.
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Applying our revision operator to structured knowledge bases,

allows us to express knowledge in a more flexible way.

In particular, we can deal with scenarios that are difficult,

or impossible, to model using existing approaches to belief

revision. For instance, we can assign priorities to defeasible

statements.

We distinguish between formulae representing observations

and formulae representing knowledge. In addition, the latter

formulae are divided into two groups. A natural question

arises about the nature of various types of information rep-

resented by those formulae and agents’ degree of freedom.

Having observed a contradictory fact, should an agent be

allowed to change domain axiom into a defeasible statement

or completely reject new information? Consider the following

example.17

Suppose that we know that all swans are white. What should

we do when a black swan is observed? If we are sure that an

observed object is a black swan, common sense suggests the

change of the domain axiom stating that all swans are white

into a defeasible statement stating that a typical swan is white.

It is worth noting that this natural solution cannot be achieved

if a knowledge base is unstructured.

Observe that neither observations nor domain axioms have

influence on a set of defeasible statements in a revised

knowledge base. Of course, it may happen that a defeasible

statement is defeated by an observation or a domain axiom.18

However, even in this case we keep such defeated defeasible

statement in the revised knowledge base. To see why, consider

the following example.

Let KB = 〈{⊤}, {¬g, }, {e ∧ ¬a ⇒ g}〉 where g, e and

a stand for “John is guilty”, “There is evidence that John

is guilty” and “John has an alibi”, respectively. A belief set

corresponding to KB is Th({¬g ∧ (¬e ∨ a)}). During an

investigation an evidence that John is guilty and has no alibi

was found, i.e, KB should be revised by α = e ∧ ¬a. It

is easily seen that the modified knowledge base, KB ∗ α, is

〈{e∧¬a}, {¬g}, {e∧¬a⇒ g}〉 and a belief set corresponding

to this knowledge base is Th({e,¬a, g}). Now, if we allow

to override defeasible statements by observations or domain

axioms, ¬g should be withdrawn from a set of defeasible

statements of KB ∗ α. But in this case, if we later learn that

John has an alibi after all, we shall not be able to infer that

he is innocent.

One of the AGM postulates states that whenever a revised

formula α is consistent with a knowledge base KB, then KB∗
α is just KB ∪ {α}. In particular, if a revision formula is a

consequence of a knowledge base, then the process of revision

does not change the base.19 It turns out that the plausibility of

this postulate depends on the context. Two simple examples

will help to illustrate this.

17This example is from [5].
18For this reason a belief set associated with a knowledge base

〈OB,DS,DA〉 is defined as DS ∔ (OB ∪ DA) instead of Th(OB ∪
DS ∪DA).

19It seems that an operator defined in [10] is the only exception of this
rule.

Assume first that during the day I observed that my neigh-

bour’s new car is green. At rainy night I saw the car again.

This time I observed that the car’s color is green or brown.

Obviously, there is no need to change my belief set. It is

plausible to assume that the car is green.

The second example concerns a weather forecast. Watching

TV yesterday, I had learned that two days later it would rain

in Warsaw. Watching TV today, I have learned that tomorrow

it will rain or snow in Warsaw. Clearly, intuition dictates that

today’s forecast is more reliable, so that I should change my

belief set.

From the above discussion we can see that the process of

belief revision is extremely complex. Many factors have to

be taken into consideration. There are still a large number of

important open problems in this field of research which require

inputs from both logic and philosophy for their solution [6].
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