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Abstract—This paper is about multi-processor scheduling
with non idling constraints, i.e constraints which forbid inter-
ruption in the use of the processors. We first reformulate the
problem, while using a notion of pyramidal shape, and next ap-
ply matching techniques in order to get a min-max feasibility
characterization criterion, which allows us to derive a polyno-
mial algorithm for the related existence problem and for the
Makespan Minimization related problem.

1. INTRODUCTION

OST scheduling problems assume that no cost is in-

curred when a machine waits between the completion
of a job and the start of the next job. Moreover, it is well-
known that such waiting delays are often necessary to get
optimality, whatever be the related performance criterion.
This is the key feature which explains why list algorithms,
which do not allow a machine to wait for a more urgent job,
do not generally yield optimal schedules. However, it may
happen that in some applications such that those described
in [5], the cost of making a running machine stop and restart
later is so high that a non idling constraint is put on the ma-
chine so that only schedules without any intermediate delays
are accepted. For instance, if the machine is an oven which
must heat different and non compatible pieces of work at a
given high temperature, keeping the required temperature of
the oven while it is empty may clearly become too costly.
Problems concerning power management policies may also
yields similar constraints [6], where for example each idling
period has a cost and the total cost has to be minimized [1].
Note that the non idling constraint will not necessarily en-
sure full machine utilization but will remove the cost of ma-
chine re-starts, maybe at the price of processing the jobs
later.

Contrarily to the well-known no-wait constraints in job
scheduling, where no idle time is allowed between the suc-
cessive operations of a same job, the non-idling machine
constraints have just begun to receive research attention in
the literature. To the best of our knowledge, the first work
on such problems concerns the earliness-tardiness single
machine scheduling problem with no unforced idle time,
where a Branch and Bound approach has been developed
[4]. More recently, some aspects of the impact of the non-
idling constraints on the complexity of single-machine
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scheduling problems as well as the important role played by
the earliest starting time of a non-idling schedule has been
studied in [2]. Moreover, in [3], a Branch and Bound effi-
cient method has been developed for the basic one-machine
non-idling scheduling problem.

In this paper, we study the basic homogeneous m-machine
non-idling problem, where weakly dependant unit-time jobs
have to be scheduled within time windows in such a way
that the non-idling constraint be satisfied not only for each
machine but also for every subset of machines. In section 2,
the problem, as well as the key notions of pyramidal struc-
ture, k-hole, m-matching, pre-schedule, k-schedule and
schedule are defined. Section 3 is devoted to structural anal-
ysis and to the derivation of feasibility criteria. It first ex-
amines the case of a m-matching and next the case of a pre-
schedule, and finally provides a necessary and sufficient
condition for an instance to admit at least a feasible sched-
ule. Section 4 provides a polynomial algorithm which solves
both the related existence problem and the makespan mini-
mization problem.

II. NOTATIONS, PROBLEM DEFINITION AND REFORMULATION

A. Main Notations: Time-Units and Intervals

We consider the discrete time space N = {0,.., o }, each
element of it being called a time-unit. A subset Q of N is an
interval if it is made of a finite number of consecutive time-
units. The smallest (respectively largest) time-unit of an in-
terval Q is denoted min(Q) (respectively max(Q)). If p and ¢
are two distinct natural numbers, the interval whose bounds
are p and ¢ is denoted by I(p, ¢) (note that we may have p <
q or q < p). Interval €, is said to dominate interval Q, if
max(Q;) + 1 < min(Q,): such a situation is denoted by Q,
Dom . If Q; Dom Q,, then we denote by Mid(Q,, Q,) the
(non empty) interval {max(Q,) +1 ,.., min(,) - 1}. We say
that two intervals and are connected if their union is an in-
terval.

B. The Feasibility Homogenous Non-idling Scheduling
Problem

We now suppose that we are given a set J= {J,, .. , J,} of
n unit-time jobs that are to be processed on a set M = {M|, ..,
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M} of m identical machines. Job J; must be executed inside
a given time-window F(i) = {r;, .., di} which is an interval.
It will be convenient to denote 7., (respectively d..) the
smallest 7; (respectively the smallest d;) and by H the interval
{Pmins --» dmax}. The jobs are also constrained by a weak prece-
dence relation denoted by << where J; << J; means that J;
must not be performed before J;. Jobs are further constrained
by the so-called homogeneous non-idling constraint (HNI in
short) which imposes that, for any subset M’ of M, the time
units at which the machines of M’ are busy define an inter-
val. Then a schedule of the job set M is a pair (7, i), where
T and u are two functions, which assign, to any job J;, re-

spectively a time-unit 7(i) and a machine (7). The schedule
(T, m) is said to be feasible if:

- For any job J, T(i) € F(i);

- For any pair of jobs J;, J;, such that J; << J, we
have 7(7) < T());

- For any pair of jobs J, J;, we have either 7(7) # T(j)
or u(i) # u(j);

- The HNI condition is satisfied: for any subset M’
of M, the set {t € N, such that there exist i = 1..n,
with 7(7) = t and 7T(i) € M’} is an interval.

For any such a schedule (7, W), we define the active time-
unit set of the function T as the image set of 7, that means
as the subset ACT(T) of N defined by: ACT(T) = {t € N such
that there exists at least some index value i = 1..n, with 7(i)
=t}.

Then we define the related Feasibility Homogeneous
Non-Idling Scheduling Problem NON-IDLE, = (P, HNI|p; =
1, r;, di, preceql-) as the problem which consists in deciding
whether the given instance (J, F, <<, m) admits at least one
feasible schedule. If the answer is yes, we say that this in-
stance is feasible.

It must be pointed out that the precedence relation preceq
which we handle here has not the same meaning as the clas-
sical one, since when we set J; << J; , we allow J; and J; to
be processed at the same time-unit. Clearly, due to the ma-
chine constraint, there is no difference when m = 1.

It is also of interest to notice that the problem (P, HNI|p; =
1, r;, d;, preceq|-), where prec is the usual precedence rela-
tion, is NP-Complete, since the NP-Complete (P|pi = 1, prec|
Cyax < d), polynomially reduces to the problem (P, HNI|p: =
1, i, d;, preceql-), by adding (md — n) filling jobs and set-
ting ;=1 and d; = d for all the jobs.

C A Reformulation Through Pyramidal Shape Functions
Let I = (J, F, <<, m) be an instance of NON-IDLE, and
(T, p) some schedule of I. If t € N, we denote by n¢) =

Card(T"'(¢)) the number of jobs which are scheduled at time-
unit ¢ according to 7, and we call this function the resource

PROCEEDINGS OF THE FEDCSIS. WROCLAW, 2012

profile function of the schedule. We say that this function ¢
> ny(t) has a pyramidal shape if for any time units ¢, £, £’
such that £ << ¢?, we have Inf(n«(t’), ni(t”)) < ni(t) (see
figure 1).
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Figure 1: A pyramidal function n(f)

Then we say that (7, u) is a flat schedule of the instance 7,
if for any time unit ¢ such that n/f) > 0, we have u(f) =
{M,, .., Myry}. Clearly any feasible schedule (7, i) can be
turned, through reassignment of the jobs onto the machines,
into a flat feasible schedule, and, in the case of a flat sched-
ule, the knowledge of T determines . So, the following
statement reformulates the NON-IDLE, as a problem which
only involves the time function T, subject to some pyrami-
dal shape property related to the profile function ¢ -> n(%).

Theorem 1: Solving the NON-IDLE, problem in the case of
instance I = (J, F, <<, m) only means computing the
function T, which with any job J; associates some time-unit
T(i) in such a way that:

1. Foranyjob J, T(i) € F(i);

2. For any pair of jobs J,, J, such that J; << J, we
have T(i) <T();

3. For any time-unit t, nr(t) = Card(T"(t)) < m = the
number of machines;

4. The function t-> nz(t) has a pyramidal shape.

A function 7 which satisfies 1 and 3 above will be called
a m-matching. In case it also satisfies 2, it will be called a
pre-schedule. In case it satisfies all conditions 1..4, we shall
also call T a feasible schedule of the NON-IDLE, of the in-
stance /= (J, F, <<, m).

D. The Makespan Minimization Homogenous Non-
Idling Scheduling Problem

Let I = (J, F, <<, m) as above, and let 7 be some feasible
schedule for /. The Makespan of T is the cardinality of its
active time-unit set Act(7). Then the Makespan Minimiza-
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tion Homogeneous Non-Idling Problem NON-IDLE, comes
as follows:
NON-IDLE,: {Compute a feasible schedule T of I =
, F, << m) with a minimal makespan
Card(Ac(T))}.
Notice that, while setting this problem, we do not require
our schedule 7 to start at instant 0.

III. STRUCTURAL RESULTS FOR THE NON-IDLE,
FEASIBILITY PROBLEM

In order to proceed to the analysis of the feasibility prob-
lem NON-IDLE,, we need to introduce some additional con-
cepts.

A. T-Block, k-holes, k-Schedules.

Let T some pre-schedule of the NON-IDLE, instance / =
(J, F, <<, m). We denote by s(7) (respectively e(7)) the
smallest (respectively largest) time-unit such that at least one
job is performed at time-unit . We say that an interval Q <
ACT(T) = {s(T), .., e(T)} is a T-block if every job J; which is
scheduled inside Q is such that F(i) < Q. A time-unit ¢ is
then a k-hole for T, where k is some positive number, if
there exists time-units ¢, £, £’ such that:

- P <t< 1y

- Inf(ni(t’), ni(t”)) > n(f) = k (in the following fig-
ure 2, time—unit 6 is a 2-hole and time-unit 7 is a 1-
hole).

Clearly, T is a feasible schedule if only if, for any & in
{0..m-1}, it has no k-hole. This leads us to introduce the in-
termediate notion of k-schedule: the pre-schedule T is a k-
schedule if T has no /-hole for / = 0..k-1, or, equivalently, if
the function ¢ -> Inf(k, n«(f)) has a pyramidal shape. The
time diagram of Figure 2 represents a pre-schedule which is
a 1-schedule, but not a 2-schedule since time-unit 7 is a
1-hole. Obviously, a feasible schedule is a m-schedule and
conversely.

A nT(t)

1T=2 3 4 5 6 7 elT)8 time

Tis a 1-schedule but is not a 2-schedule

Figure 2: k holes

B. Time-windows stability.

The family of time-windows F(i), i = 1..n, is stable with
respect to the precedence relation << if, for any pair of jobs
Ji, J; such that J; << J;, we have: r; < rjand d; <d. The fol-
lowing result, which is almost obvious, shows that we may
assume, without any loss of generality, that our input family
of time windows is stable with respect to the precedence re-
lation <<:

Proposition 1: Let / = (J, F, <<, m) be an instance of the
NON-IDLE, problem. There exists an instance I’ = (J, F’,
<<, m), which may be obtained from I through constraint
propagation, which admits the same set of feasible solution
as f, which is such that: F’is stable with respect to <<

and, for any I, F'(i) c F(i).

Since the goal of this paper is mainly to provide a charac-
terization of the feasible instances of the NON-IDLE, prob-
lem, together with recognition and makespan minimization
algorithms, we proceed in several steps. First, we use the
Konig-Hall Theorem in order to characterize the instances
which admits a m-matching. Then, we show that any m-
matching may be turned into a pre-schedule. We keep on by
identifying a structural property which is going to make pos-
sible turning this pre-schedule into a feasible schedule. Fi-
nally, we translate this mathematical characterization into a
recognition algorithm.

C. Existence of a m-matching.

Let 7 = (J, F, <<, m) some NON-IDLE, instance. For any
interval Q, we denote by J(Q) the set of all jobs J;, such that

F@i) < Q. Then one may derive in a straightforward way
from classical Konig-Hall Theorem related to the existence
of generalized matching in bipartite graphs that:

Proposition 2: The instance (J, F, <<, m) admits a m-
matching if and only if, for any interval $2 of N, we have
Card(J(2)) <m.Card(£2).

D. Existence of a Pre-schedule.

The next property is mainly due to our assumption about
the stability of F. It will be essential for us when we shall
have to deal with the precedence relation <<.

Proposition 3: The instance (J, F, <<, m) admits a pre-
schedule if an only if it admits a m-matching.

Principle of the proof: starting from a m-matching 7, one
only has to iteratively exchange 7(7), 7(j) values in order to
make 7 compatible with the << precedence relation.

E. Existence of a Feasible Schedule.

Let 7= (J, F, <<, m) our NON-IDLE, instance. If the con-
dition provided by Proposition 3 is satisfied, we easily be-
come able to produce some pre-schedule 7. However, such a
pre-schedule may have k-holes and thus may not fit the
“pyramidal” property required for the feasible schedules.
This section will provide an additional necessary and suffi-
cient condition so that an instance [ = (J, F, <<, m) admits
some feasible schedule. Before deriving this condition, we
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first give two simple lower bound properties which must be
met by such a feasible schedule and then introduce the no-
tion of propagation path which will prove to be a quite use-
ful tool either to transform a pre-schedule into a feasible
schedule or to prove the no existence of such a feasible
schedule.

Let Q be an interval of N. We denote by /n#(QQ) the set of
intervals which are contained into Q and by A(Q) the integer
value SUp o« m | Card(J(®))/Card(®) . Then the meaning
of those definitions comes in an immediate way through the
almost trivial following lemma:

Lemma 1: Let T some be m-matching of I = (J, F, <<, m)
and let Q be an interval of N. There must exist at least one
time-unit in Q2 such that at least A(£2) machines are busy.

We understand the main role of A(Q) is to provide us with
a lower bound of the number of machines which are going
to be necessary if we want to succed in scheduling the jobs
of J(). Notice that if Q is a T-block, then we have A(Q) >
[2 < o n{7)/Card(Q)], since, in this case, J(Q) is exactly the
set of the jobs which are scheduled inside Q.

Let us assume now that Q, and €, are two intervals of N
such that Q; Dom €. If we denote by W(Q, ) the value
Card(Mid(Q,, ©,)).Inf(MQ)), M), then we easily see that
we get:

Lemma 2: In any feasible schedule of I = (J, F, <<, m),
at least (2, €2,) jobs are scheduled in the interval
Mid(2,, ).

Also, the following two properties, which come in a
straightforward way and which are related to 7-blocks, will
be useful in order to derive the main characterization result:

Lemma 3: Let T be some m-matching of I = (J, F, <<, m)
and let 2, and £2; be two connected T-blocks. Then 2, U £,
is a T-block and M(2,U £2,) = Sup(A(£2,),1(£2,)).

Lemma 4: Let T be some m-matching of I = (J, F, <<, m),
let §2; be a T-block, and let 2; be an interval such that 2, N
Q, is empty. If, for any pair (u, t) in Q; * £, n(u) > n(t)
(respectively ni(u) > n(t)), then A(2,) > A(£2,)) (respectively
M) > M2)).

Given a m-matching 7, we now define what is a propaga-
tion path of 7. We first define the propagation graph G =
(H, E(T)) as the labeled directed graph whose node set is the
interval H = {Fuin, .., dua} Of the possible values for 7, and
the arc set £(7) is defined by:

- [t, ] € E(T)) iff t # ¢ and there is at least one job J;
which is scheduled at # and which is such that # € F(i).

- If job J; is scheduled at ¢t and £ € F(i), then J; is said to
be a label of the arc [z, ¢°].

Then, a propagation path of T is an elementary path y =
(%, .., tr) of G(T). The sub-path of y from ¢ to # will be de-
noted by Y(z , ¢ ). The length L(y) of vy is the value £ + 1
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(that means the number of vertices of ¥), and the extended
length L*(y) of yis the sum X 1 4 |t, — £.4].

This propagation path vy is monotone if the sequence (#, ..,
t) is either decreasing or increasing. It is no-cross if for any
r e {1..k}, we have either #.> Sup ;-1 ,a ;or t,>Inf ;. 1, .
Clearly, the no-cross property may be viewed as a weak ver-
sion of monotonicity. It is labeled when all its arcs are as-
signed with labels, that means when, with any arc in 7y, we
decided to associate some job J; whose value 7(i) is likely to
be modified through shiftpropagation along 7.

The path vy is said to be fitted if it is labeled and satisfies
Card(T'(t)) < m. Of course, we understand that if £y =
(t, .., t) is a propagation path of G(T), which is fitted and
provided with the labeling ¢ = (Jyo), .., Jix-n), then we br-
come able to modify the m-matching 7 and get another m-
matching 7 = Trans(T, v, ©) by setting 7" (Jiy)) = t,+1 for any
p=0,., k1.

Let T be a pre-schedule and let y= (¢, .., &) be a propaga-
tion path of the graph G(7). If y has at least one labeling ¢
such that 77 = Trans(T, v, ©) is a pre-schedule, then v is said
to be compatible with the precedence relation << (<<-com-
patible in short).

The two following lemmas are fundamental tools, which
show that no-cross propagation paths allow to transform a
pre-schedule into another one:

Lemma 5: Let T be a pre-schedule and let us assume that y
= (ty, .., &) is a propagation path of G(T) from ty = u to t, =
v. Then there exists a no-cross propagation path from u to v
in G(T).

Proof. Assume that 7y is not no-cross and let 7. (2 <r < q) be
the first node of ¥ such that min ;-  <#< max =i, t.
From the definition of #, we know that there is a smallest
index s (0 <s <r - 2) such that ¢, belongs to I(¢, #.). Thus
[#, t] is an arc of G(T) and the concatenation Y(t, ). [£, t]
is no-cross. The above transformation may then be iterated
while the current propagation path is not no-cross.

Lemma 6: Let T be a pre-schedule and let us assume that y
= (ty, .., t) is a propagation path of G(T) from ty = u to t;, =
v, where Card(T" (1)) < m. Then there exists a no-cross and
<<-compatible propagation path from u to v in G(T).

Sketch of the proof. Define the extended length of such a
path yin G(T) as the sum X ;- « |t,- —ti | , and consider a
propagation path Y from u to v with minimal extended length
and whose length is maximal among the paths with minimal
extended length. Assume also that ¥ is not <<-compatible
and let 6 = (Jio), .., Jix-n) be a labeling of y. The jobs of the
labeling are called the moving jobs, while the other jobs are
called the static jobs. Since T is a pre-schedule and 7y is not
<<-compatible, << is violated in 7" = Trans(T, 7, ©) either
because an inversion has been created between a static job J’
scheduled at # and a moving job Jjs scheduled at ., or
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between two moving jobs Jis and Ji,, respectively scheduled
at time f, and 7. In both case, one checks that it is
possible to rearrange path 7y in order to get a contradiction on
the minimality of .

Let T be a pre-schedule and let u be a time-unit such that
nr(u) > 0. The next lemma, whose prove is essentially rou-
tine, provides us with an important property of the set A(u)
of the time-units that may be reached from u by the propaga-
tion paths of G(T).

Lemma 7: The set Ar(u) is a T-block.

We are now able to describe and state the structural con-
dition which must be met by an instance /= (J, F, <<, m) of
the NON-IDLE, problem so that it admits some feasible
schedule.

Theorem 2: The instance I = (J, F, <<, m) of NON-IDLEis
feasible if and only if the following two conditions are
satisfied:

1. Forany interval Q of N, Card(J(£2)) £ m.Card(£).
2. For any sequence (£2,,..8,) of intervals of N, such
that €, Dom...Dom £2, ,we have:

Card(J - U s-1,J(82)) 2 X1 Y2, Q2i).

Sketch of the Proof.

The “only if” part of the proof is a straightforward conse-
quence of propositions 2 and 4 and lemmas 1, 2, 3

Before starting the proof of the part “if”, let us recall that,
for any k= 1..m, a pre-schedule T is a k-schedule if 7 has no
[-hole for any / = 0..k-1. So we may adapt the definition of
the quantity p(€Q,Q,), where Q; and Q, are two time inter-
vals such that Q, Dom €, to k-schedules by setting:
Wwx(Q4,Q0, k) =Card(Mid(, 2)).Inf(AM(Q1), M2, k). Then
one easily checks:

Lemma 8: Let Q, and €2, be two time intervals such that Q,
DomQ2 In any k-schedule of I = (J, F, <<, m), at least
U*(82,82, k) jobs are scheduled in the interval Mid(£2,, £2,).

In order to prove the “if” part, we extend the statement of
Theorem 2 to k-schedules and prove it by induction on £.
Using k-schedules allow us to try to perform an inductive
reasoning in order to prove Theorem 2. As a matter of fact,
what we have to do is to prove the following statement,
which may be viewed as an inductive extension of Theorem
2 to k-schedules :

Inductive Formulation of Theorem 2: The instance I =
(J, F, <<, m) of NON-IDLE,admits at least one k-schedule
if and only if the following two conditions are satisfied:
1. Forany interval Q of N, Card(J(£2)) £ m.Card().
2. For any sequence ($2,,..£2,) of intervals of N, such
that €2, Dom... Dom £, ,we have:
Card(J - U -1, J(£)) 2
Zs =1.p-1 ,u*(gw QH],k)-

In order to prove this last statement, we proceed by induc-
tion on k. More precisely, we show that if an instance / = (J,
F, <<, m) of the NON-IDLE, problem has at least a k-sched-
ule and no (k+1)-schedule, then there exists a sequence of
intervals that does not satisfy condition 2 of the above state-
ment. In order to get such a sequence, we consider a k-
schedule of 1, which is doubly minimum in the following
sense:

- T has a minimum number of k-holes;

- the vector (Nr(m),.., N¢(1)), where Nz(j) is the number
of time-units ¢ such that n:(¢) = j, is lexicographically
minimum.

Thus, T may be viewed as the flattest k-schedule with a
minimum number of k-holes.

The graph of the piecewise constant function t -> n(f)
may be decomposed into 3 parts:

- a left part, which is a climbing stair (increasing
piecewise constant function) for which we denote
by C®,, 1 <p < k+1, the smallest time-unit at

which the stair height is at least equal to p;

- aright part, which is a descending stair (piecewise
constant decreasing function) for which we denote
by CS%,, 1 <p
which the stair height is at least equal to p;

< k+1, the largest time-unit at

- a medium part, which is made of the time-units u
such that n{u) > k + 1, and which is such that at
least one time-unit is a k-hole.

i alf S A
Cwm Czln CZ C1 lp

J/\A YOAA Y MM

NI

Figure 3: t->ns(f) segmentation
From the minimality of 7, we easily get that the propaga-
tion graph G(7) is such that there is no propagation path:

- from a time-unit 7 which satisfies nr(u)>k+2toa
time-unit # which is a k-hole; (ED)

to a time-unit u
(E2)

- from a time-unit CS%, or C™,
which is a k-hole;

- from a time-unit CS*, to a time-unit C5*%; + 1, 1<
J <p (E3)
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- from a time-unit C™, to a time-unit C™; + 1, 1<j
<p; (E4)

From what precedes, we deduce 3 families of intervals:

- the right family L,..L,, which we get from the 7-
blocks A7(CS%,), 1 < p < k+1, by merging those in-
tervals which are connected. By using lemmas 7
and 8, we may check that, foranyi=1..]-1:

Y e miawi, Livy n(8) = ML;).Card(Mid(L:, Li+1))
S W*( Li, Livi, k+1) 5

- the left family L*..L*,, which we get from the 7-
blocks A7/(C™,),1 < p < k+1, by merging those in-
tervals which are connected. By using lemmas 7
and 8, we may check that, foranyi=1..A- 1:

Y | ¢ Midwsi, Lieny R(f) =
ML*).Card(Mid(L*;, L*:,)
S WECL*, L¥, k+1) 5

- the medium family J,..J,, which we get from the 7-
blocks Ar(u), u such that ny(u) > k + 2, by merging
those intervals which are connected. By using lem-
mas 7 and 8, we check that, foranyi=1..[- 1:

Y 1 ¢ miawi, i n(t) = MJ).Card(Mid(J;, Ji1)

SWE(Jp, Ji, k1)

Figure 4: t -> ny(t) Interval Decomposition

The key point is that, because of (El, .., E4), those inter-
vals define several distinct connected blocks, with non
empty space between them (we must find at least the -
holes, which are going to separate those intervals.
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Still, since we may have L* M J; = Nil or Li N J; = Nil,
we merge once again the connected intervals of those three
families. Then we get a sequence of non connected intervals
M,..M,, of disjoint T-blocks such that:

- MDom .. Dom M;

- The number of jobs which is to in U ;- ., J(M)) is
not large enough to avoid the existence of a k-hole.

Then we conclude.

IV. A POLYNOMIAL ALGORITHM FOR THE NON-IDLE,
FEASIBILITY PROBLEM AND FOR THE NON-IDLE1
MAKESPAN MINIMIZATION PROBLEM

A. A Polynomial Algorithm for the NON-IDLE,
Feasibility Problem.

The proof of Theorem 2 is not an algorithmic proof, since
it involves an hypothesis about doubly minimality which has
no algorithmic interpretation. In this section, we first show
that a forbidden pattern of intervals may also be found from
any k-schedule which satisfies a weaker set of conditions
than that of the doubly minimal k-schedule T considered in
the proof of Theorem 2. Its is going to allow us to turn this
doubly minimality condition into conditions which might be
used as halting test inside the “while” loop of a recognition
algorithm. Then we derive from this a polynomial algorithm
which solves the NON-IDLE, Problem, and whose correct-
ness mainly relies on this new set of sufficient conditions.

So, let T be a k-schedule and let U and V be two disjoint
sets of time-units: we denote by PP(U, V) the set of propaga-
tion paths of G(T) which start in U and end into V. We de-
note by Hole(k) the set of time-units ¢ which are k-holes, and
by Top(k) the set of time-units ¢t which satisfies nq(u) >k +
2. Then we may state:

Theorem 3. Let I = (J, F, <<, m) be an instance of the
NON-IDLE,problem, and let k be some number in {1, .., m-
1}. Let us assume that T is a k-schedule of I such that the
following conditions are satisfied:

1. Tis not a (k+1)-schedule;

2. PP(Top(k) U {C",,.., C"t} U{C,,.., CPrpi}),
Hole(k)) is empty;

3. PP(Top(k), {C™; -1,.., C; -1} U {C; +1,..,
CSryyy +1}) is empty;

4. For j =
empty;

2.k+1, PP({CSw;)}, { CSw., + 1)) is

5. Forj=2.k+1, PP({C"})}, { C"., - 1})is empty;

Then the instance I has no (k+1)-schedule.
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This result allows us to the following algorithm
SEARCH-SCHEDULE(J, F, <<, m) which solves the NON-
IDLE, problem by providing, for any instance I = (J, F, <<,
m) either a feasible schedule of / or a k-schedule 7, (with 0 <
k < m-1) of I which satisfies the conditions 1..5 of the
above statement. Notice that Hole(k), Top(k), C5*», , C™, de-
note here variables that contains the values associated with
the current k-schedule 7.

Algorithm SEARCH-SCHEDULE(J, F, <<, m):

T <- Matching(J, F, m); (*Computation of an initial
m-matching, through a standard matching proce-
dure*)

If T does not exist (* Condition of Propositions 2 and
3*) then SEARCH-SCHEDULE <- Fail

Else

T <- Pre-Schedule(J, F, m, <<, T); (*Turn T into
a pre-schedule through a sequence of exchanges,
according to proposition 3*)

k <- Sup ;=o.» [ such that T is a [-schedule; Not
Stop;

While k£ < m and Not Stop do

Try, according to this order, the existence of a
propagation path y in:
- PP(Top(k) U {C",.., C"i} U {CSy,..,
CSiy1}, Hole(k));
- PP(Top(k), {C5%; +1,.., C%y +1} U
{C"; -1,.., C"yy -1});
- U< aue PPUCH, O ), (O -1
oy +1});
If Failure(Try) (*Non existence of y*) then
Stop
Else
Let ¢ be a label of v;

T <- Trans(7, v, ©);

If £k = m then SEARCH-SCHEDULE <- T else
SEARCH-SCHEDULE <- Fail,

Theorem 4. The above algorithm SEARCH-SCHEDULE
solves the feasibility NON-IDLE,problem in polynomial
time.

Sketch of the proof: one follows the proof of Theorem 2,
while replacing the doubly minimality assumption by the

conditions 1..5 of Theorem 3. As for complexity, it is easy
to check that the above algorithm is time polynomial if the
encoding size of a time-window F(;) is defined as being
proportional to the size of this time windows. But, in fact, it
has to be related to the encoding size of both numbers
min(F(;)) and max(F(;)). Still, one easily checks that, once an
initial m-matching has been computed, time-windows may
be restricted in such a way that the size of their union be
polynomial bounded by the number n of jobs, and that
provides us with the key argument for the time-
polynomiality of our algorithm.

B. A Polynomial Algorithm for the NON-IDLE,
Makespan Minimization Problem.

Makespan minimization is contained into feasibility
testing, and comes in a simple way through the following
process:

Makespan-Min-No-Idle-Schedule Algorithm.

Input: the instance I = (J, F, <<, m)
Output: a no idle feasible schedule or a Failure

signal;
Initialize 7 through the SEARCH-SCHEDULE
procedure;
If Failure(Initialize) then Failure
Else
Not Stop;

While Not Stop do
A <- Makespan(T);
Let # and % respectively the smallest and
largest active time-units according to 7;
For any jobJi e J,set FAi)=FGE N {t+1,

s
T-Aux <- SEARCH-SCHEDULE(J, F,, <<,
m);
If T-Aux # Failure then T <- T-Aux
Else
For any job J; € J, set F4(i) = F(i) N
{ t,.., lz-l};
T-Aux <- SEARCH-SCHEDULE(J, F 4,
<<, m);
If T-Aux # Failure then T <- T-Aux
Else Stop.

Makespan-Min-No-Idle-Schedule <- T ;

Theorem 5: The above Makespan-Min-No-Idle-Schedule
algorithm solves the Makepan Minimization NON-IDLE,
Problem in Polynomial Time.

Sketch of the Proof: the basic point here is that if 7" is some
feasible schedule with active time-unit set ACT(T) = [a, b] ,
and if there exists a feasible schedule 7° with smaller
makespan than 7, then 7 may be computed inside the time-
window [a, b].

V. CONCLUSION

In this paper, we have just been studying a variant of the
homogeneous m-machine non-idling problem, where weakly
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dependent unit-jobs have to be scheduled within their time
windows so that the non-idling constraints must be satisfied
not only for each machine but for every subset of machines.
A structural necessary and sufficient condition for an in-
stance to be feasible has been provided and an algorithm has
been developed for the existence problem. This algorithm
may be extended to the case when a job dependent cost
function is associated with the termination of each job and
the makespan has to be minimized. However, several im-
portant questions about the complexity of more general
problems with the same HNI constraints (non unit jobs, lin-
ear costs...) are still open. Also, it would be quite interest-
ing to get the complexity status of the non-homogeneous
variant of the problem (more frequent when it comes to ap-
plications) which corresponds to the case when the non-
idling constraint has only to be satisfied on each machine or
on a given subset of machines.
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