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Abstract—The aim of this paper is to show that linear recur-
rence systems with constant coefficients can be efficiently solved
on hybrid GPU accelerated manycore systems with modern Fermi
GPU cards. The main idea is to use the recently developed divide-
and-conquer algorithm which can be expressed in terms of Level
2 and 3 BLAS operations. The results of experiments performed
on hybrid system with Intel Core i7 and NVIDIA Tesla C2050
are also presented and discussed.

I. INTRODUCTION

RAPHICAL processing units (GPUs [10]) have recently
been widely used for scientific computing due to their
large number of parallel processors which can be exploited
using the Compute Unified Device Architecture (CUDA) pro-
gramming language [9]. GPUs offer very high performance
at low costs for data-parallel computational tasks. Thus it
is a good idea to develop algorithms for hybrid (hetero-
geneous) computer architectures where large parallelizable
tasks are scheduled for execution on GPUs, while small non-
parallelizable tasks should be run on CPUs [25]. In 2010
NVIDIA introduced a new GPU (CUDA) architecture with
an internal name of Fermi [14]. The new architecture offers
new features and much better performance than older CUDA
devices when computations are carried out in double precision.
Linear recurrence systems with constant coefficients are
central parts of many numerical algorithms for solving impor-
tant problems like evaluation of orthogonal polynomials [2],
symmetric tridiagonal eigenvalue problem [17], trigonometric
interpolation [17], [18], numerical inverse of the Laplace
Transform [8], [22] or general polynomial evaluation [19].
Also, they are commonly used in signal processing [16], [24].
There are several algorithms for solving linear recurrences
on parallel computers [2], [3], [5], [6], [15], [26]. They are
usually devoted to the problem of solving first or second
order recurrence systems. In [21] we have proposed a new
divide-and-conquer approach for solving m-th order linear
recurrences with constant coefficients which can fully utilize
the underlying hardware of modern computer systems (i.e.
memory hierarchies and multiple processors). Our algorithm
based on this approach achieves excellent speedup on various
parallel computers [20], [23], [24].

It is clear that there is a real need to implement efficient
solvers for linear recurrences and related problems on modern
GPU accelerated manycore systems. The first attempt has
been made by Nistor et al. [11]. They present a compile-time
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optimization technique for minimizing memory usage in the
parallel computation of linear recurrences on GPUs. The aim
of this paper is to show that the use of recently developed
divide-and-conquer algorithm which can be expressed in terms
of Level 2 and 3 BLAS operations [1] is crucial for achieving
reasonable performance for linear recurrence computations on
GPU-based systems.

II. THE Divide & Conquer METHOD

Let us consider the following problem. For given real
numbers fr, 1 <k < n, and a;, 1 < j < m, where n > m,
find n numbers z;, 1 < k < n, such that

0 for k<0
TE=Y fut+ Y ajap_; for 1 <k<n. (D
i=1

It is clear that a simple algorithm based on (1), which
requires 2mn flops, cannot utilize the underlying hardware, i.e.
memory hierarchies, vector extensions and multiple proces-
sors, what is essential in case of modern manycore computer
architectures. Thus, let us consider the following divide-and-
conquer approach which allows to describe the process of
solving (1) in terms of matrix operations [21]. First, let us
choose positive integers  and s such that rs < n and s > m.
It is clear that the numbers xy, ..., x,s satisfy the following
block system of linear equations

L X1 f;
U L X9 fg

U L X f,
where the vectors x; and z; are given by
Xj = [x(j—l)s+17"'7xjs]T S ]R'Sv (3)

and

£ = [f(j-1)s+15- -+ fis]T €R®. 4)
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The matrices L and U are defined as follows

1
—ay
L= e R**®
—am
L —Q, —a; 1 |
and
—Qm —ay
U= e R°**
—am

When we consider the special structure of the matrix U, we
can rewrite the solution to (2) as

X1 = L_lfl

-1 Nk , 5)
xj =L+ > ajyr forj=2,...,m
k=1
where e, denotes k-th unit vector of IR?
Ly, = e, and coefficients af are as follows aj =
Z;’;k m+k—1T(j—1)s—m-+1- Note that to compute vectors yy,
we need to find the solution of the system Ly; = e;, namely

y1=[1,v2,...,9s]T. Then we can form vectors y;, using

satisfying
k

Ye = [07"'707]~ay27"~1ys—k+1]T- (6)
N——
k—1
To develop the BLAS-based method, let us observe that instead
of finding vectors x; separately, we can find the matrix

X =[x1,...,%x,] € R**". 7

Let us define the following upper triangular matrix

Gp Am—1 " ay
0 Am .. as

C — c IR'm.Xm. (8)
0 e 0 Ay

During the first step of the algorithm we find y; and all
vectors z;. Obviously, it is equivalent to the problem of
solving the block system of linear equations LZ = F', where
Z =|z1,...,2,,y1) and F = [f},...,f.,e1] are s x (r+ 1)
matrices. We can find Z row by row using

0 for £ <0
Zk*

= S )
D Fky* + Z (LjZk,j,* for 1 S k S S.
7j=1

Thus, after the sequence of operations
Zk,* — Fk,*+Cl,max{l,mkarQ}:mZmax{l,lcfm}:kfl,* (10)

'az'rayl]~

performed for k = 2,...,s, we have Z = [z1,..
.z5]". During the second

Note that Z*71 = X*’l = [!El,..
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step of the algorithm we compute m last entries of all vectors

Xg, ..., X, (i.e. Xs_ym41:5,2:r), and form the matrix
1
A= e R™* (=1, a1
o

When we define Y = [y1,...,ym] € R**™, and then we can
complete this step after the following sequence of operations

{ A*,j—l < CXs—m+1:s,j—1

12)
Xs—m+1:s,j < Zs—m—i—l:s,j + Ys—7n+1:s,*A*,j—1

performed sequentially for 7 = 2,...,r. During the third step
of the algorithm, we have to calculate s — m first entries of
all vectors xo,...,x, (i.e. Xq.5_m 2:r). It can be done using
a single call to the Level 3 BLAS routine XxGEMM (matrix-
matrix multiplication):

Xl:sfm,Z:r — Zl:sfm,Q:T + Yl:sfm,*A' (13)

The divide-and-conquer method can be summarized as
Algorithm 1. It comprises three main steps: Stepl (lines 3—
5), Step2 (lines 7-10) and Step3 (line 11). There is no need
to store the matrix Z. If we assume that the solution X
can be stored in place of the matrix F, then Stepl can be
easily formulated in terms of the matrix-vector multiplications
(the operation xGEMV from Level 2 BLAS), Step2 is a
sequence of two calls to the routines from Level 2 BLAS,
namely xTRMV (“triangular matrix”-vector multiplication)
and xGEMV. Finally, Step3 is a single call to the routine
xGEMM. Note that Step1 and Step3 can be easily parallelized
(see Algorithm 2) using OpenMP [4].

Algorithm 1 BLAS-based algorithm for (1)
., . given by (4), where

Require: given aq,...,a,, and fy, ..
r>1,s>1landrs=n
Ensure: X, 1., = [X1,...X,] given by (7)
10 X < [fl,...7fr,e1]
Am, e aj
2: C «+

0 Cm
3: for k =2 to s do
Xk,* — Xk,* +Cl,max{1,m—k+2};meaX{17k_m}:k_17*
{XGEMV}
end for{ X, , 1 =y}
Y « [YL-'-’}"m}
for j =2 tor do
A*J‘*l — CXsfm+1:s7j—1 {XTRMV}
— Xsferl:S,j + sterl:s,*A*,jfl

N

R A

Xsfm+1:5,j
{(xGEMV}
10: end for

11: Xl:s—m,,Z:r — Xl:s—m,Q:r + H:s—m,*A {XGEMM}

The algorithm requires twice as many flops as the simple
algorithm based on (1), namely 4mn [21]. It has been effi-
ciently implemented on shared and distributed memory parallel
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computers and clusters of workstations [20], [23] achieving
reasonable performance. The performance of the algorithm (in
Gflops) grows when the problem sizes (n, m) and the number
of processors grow.

Algorithm 2 Parallel BLAS-based algorithm for (1)
Require: given ay,...,a,, and fy, ..., f,. given by (4), where
r>1,s>1,rs = n and p is the number of parallel
processors
Ensure: Xl:svlﬂ- = (X17 AN X,,n).
10 X (fl,...,fr,el)

Qm ay

2: O«

0 A

e [0+ 1) /p)

. parallel for : =0 to p — 1 do

if i =p— 1 then

to<—1r+1

end if

for £k =2 to s do

10: Xkt Xk t:t =+
Cl,Inax{1,m—k-+2}:meax{1,k—m}:k—l,tl:t2
{xGEMV }

11:  end for

12: end parallel for{ X, , . =y}

13: Y < (Y1, -5 Ym)

14: for j =2 to r do

15: A*’j,1 — CXsfm+1:s,j71 {xTRMV }

— Xsferl:sA,j + szferlzs,*A*,jfl

R A

$—

16: Xsfm+1:s,j
{xGEMV}

17: end for

18: ¢t < |r/p]

19: parallel for : =0 to p — 1 do

200ty dit+1; to < (i+ 1)t

21:  if i =0 then

22: t1<—t1+1

23:  end if

24:  if i = p—1 then

25: to <1

26:  end if

27: Xl:s—mﬂfl:tz — Xl:s—m,tl:tz + Yi:s—m,*A {xGEMM}

28: end parallel for

III. GPU ARCHITECTURE AND IMPLEMENTATION

The detailed description of NVIDIA CUDA and Fermi
architectures can be found in [14] and [13]. A computing
device (usually GPU) comprises a number of streaming multi-
processors (SM). Each SM consists of 32 (8 for older CUDA
devices) scalar cores (streaming processors, SP). SMs are
responsible for executing blocks of threads. Threads within
a block are grouped into so-called warps, each consisting of
32 threads managed and executed together.

blockDim.x
P gridDim.x=r/blockDim.x
YvYyvy
' : ' "
] : ] ;
T ]
. ] ] B
' ' ' o
r columns
Fig. 1. Storage for the divide and conquer algorithm on GPUs

A device has its own memory system including the global
memory (large but low latency), constant and texture read-
only memories providing reduction of memory latency. Each
SM has also a 48 kB (16 kB for older CUDA devices)
of fast shared memory that can be used for sharing data
among threads within a block. The global memory access
can be improved by coalesced access of all threads in a
half-warp. Threads must access either 4-byte words in one
64-byte memory transaction, or 8-byte words in one 128-
byte memory transaction. All 16 words must lie in the same
memory segment [13].

Fermi (CUDA) programs consist of a number of C functions
called kernels that are to be executed on devices as threads.
Kernels are called from programs executed on CPUs. Host
programs are also responsible for allocation of variables in
the device global memory. There are also some CUDA API-
functions used to copy data between host and device global
memories.

The basic idea of the implementation of the divide-and-
conquer algorithm on a hybrid CPU + GPU system is to run
large parallel tasks (Stepl and Step3) on GPU, while small
sequential tasks (namely finding the vector y; and Step2)
are executed on CPU. To allow coalesced memory access,
elements of the s x r array X should be stored row-wise in
the global memory of a device. Thus we cannot use CUBLAS
(i.e. the implementation of the BLAS for CUDA [12]) because
routines from that library assume column-wise storage of
matrices. Each thread is responsible for computing one column
of the array. The ID of its own column can be computed
using idx=blockIdx.x*blockDim.x+threadIdx.x.
Each block of threads is responsible for computing one panel
— a group of adjacent columns (Figure 1). For simplicity, we
assume that r = (#blocks) x (#threads in block).

The numbers a;, 1 < 7 < m, are stored in the constant
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_ void

__global_ stepl (int m,int s,int r,
double *xx){
__shared__ double xc[16][MAXBSIZE];
int idx=blockDim.x*xblockIdx .x+
threadIdx .x;

int myldx=threadIdx .x;

xc [0][myldx]=x[idx ];
double t;

// rows 0..m—1

for (int i=1;i<m;i++){
t=x[i*xr+idx]; // read from global mem.
for(int j=1;j<=i;j++)

t+=xc[i—j ][ myldx]xa_d[j —1];

x[isxr+idx]=t; //write from global
xc[i][myldx]=t;

}

mem.

// rows m..s—1
for (int i=m;i<s;i++){
t=x[1*r+idx |;
for (int k=1;k<=m;k++)
t+=xc[m-k ][ myldx]*a_d[k—1];
for(int k=0;k<m—1;k++)
xc[k][myldx]=xc[k+1][myldx];
xc[m—1][myldx]=t;

x[ixr+idx]=t; //write to global mem.

Fig. 2. Kernel for Stepl

memory of GPU. The algorithm starts with the kernel stepl
(Figure 2) on GPU. To reduce the number of references to the
global memory, we use shared memory to store m recently
computed entries of the thread’s column. At the same time
CPU solves the system Ly; = e;. Next, m last rows of
the array X are copied from the device memory and CPU
computes (12). Then the vector y; and m last rows of X
are copied to the device memory. Finally, the kernel step3
(Figure 3) is scheduled for execution on GPU.

IV. RESULTS OF EXPERIMENTS

The performance results in this section use the hybrid
computer system with Intel Core 17 950 Extreme Edition(3.06
GHz, 24GB RAM) and NVIDIA Tesla C2050 (448 cores, 3GB
GDDRS5 RAM), running under Linux with Intel icc (version
12.0) and NVIDIA nvcc (release 3.2) compilers and Intel
MKL Library (version 10.3). We have tested the following
algorithms:

« the simple sequential algorithm based on (1) executed on
CPU,
o Algorithm 1 executed on CPU,

void step3 (int m,int s,int r,

double *x, double xy){

__global_

__shared__ double xc[16][MAXBSIZE];
int idx=blockDim.x*xblockIdx .x+

threadIdx .x;
int myldx=threadldx .x;

for(int k=0;k<m;k++)
xc[k][myldx]=x[(s—m+k)*r+idx ];

if (idx==0){
for (int k=0;k<m;k++)
xc[k][0]=0;
}

y=y+m—1;

for (int i=0;i<s—m;i++){
double t=0.0;
for (int k=m—1;k>=0;k—)
t+=xc[k][myldx]*xy[i—k];
x[ixr+idx J+=t;

Fig. 3. Kernel for Step3

o the BLAS-based divide-and-conquer algorithm executed
on GPU+CPU.

The performance of the simple sequential algorithm is very
poor (up to 660 Mflops), thus the exemplary results shown in
Figure 5 and 6 describe the performance of two considered im-
plementations of the BLAS-based algorithm. They have been
tested for various values of n from n = 10242 = 1048576
to n = 163842 = 268435456, m = 1,2,4,6,8,16 and
various values of r and s, where rs = n. It is clear that
greater values of the parameter r let us keep a GPU busy, but
in such a case the sequential part of the algorithm (namely
Step2) is longer, thus the GPU+CPU implementation achieves
the best performance for » = s. The CPU implementation
achieves the best performance for s = 4r. The performance
of the GPU+CPU implementation grows when both m and
n grow, while the performance of the CPU implementation
decreases when n grows. The use of GPU+CPU is profitable
for n > 4194304 = 20482. The GPU+CPU implementation
is up to 58 (single precision) and 47 (double precision)
times faster than CPU for m = 1. For greater values of m,
GPU+CPU also outperforms CPU. One can observed that the
speedup decreases with growing of m, because on CPU, f or
greater values of m, the BLAS routines xGEMV and xGEMM
are much more efficient. Finally it should be noticed that our
GPU+CPU implementation achieves much better speedup than
the algorithm presented in [11].
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Fig. 5.
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int bsize=256;

stepl <<<r/bsize , bsize >>>(m,s,r,x_d);

recly(m,s,a_h,y_h+m—1);

for (int k=0;k<m—1;k++){
y_h[k]=0;

1

cudaMemcepy (t_h, &x_d[(s—m)x*r],
rxmksizeof (xt_h),
cudaMemcpyDeviceToHost);

for(int j=1;j<r;j++){
for(int 1i=0;i<m;i++){
int ig=s—-m+i;
for (int k=0;k<m—i;k++)
x_h[ig*r+j]+=
a_h[m-k]*xx_h[(s—mtk)xr+j —1];

// Step 2

cudaMemcpy(&x_d[(s—m)*r1],
t_h,sxsizeof (xt_h),
cudaMemcpyHostToDevice ) ;
cudaMemcpy(y_d, y_h,
(m—1+s)xsizeof (xy_d),
cudaMemcpyHostToDevice ) ;
step3 <<<r/bsize ,bsize >>>(m,s,r,x_d,y_d);

cudaThreadSynchronize ();

Fig. 4. Host program

V. CONCLUSIONS

We have shown that linear recurrence systems with constant
coefficients can be efficiently solved on hybrid GPU acceler-
ated manycore systems with modern Fermi GPU cards using
the divide and conquer BLAS-based algorithm. The reasonable
performance can be achieved by using some optimization
techniques for GPUs like coalesced global memory access
and the use of shared memory for caching elements of global
memory arrays during computations. It should be noticed the
algorithm can be easily implemented for CPU + multiple GPU
systems using OpenCL [7].
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