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III. JACOBI ROTATIONS 

The classical Jacobi rotation [1] has been used by 

Jacobi in 19
th

 century as a tool for solving the least square 

problem. This rotation is also called Given’s rotation. This 

method uses a sequence of plane rotations to diagonalize a 

symmetric nn ×  real matrix A . We denote the Jacobi 

rotation of an angle θ  in the ( )ji,  plane by ( )θ,, jiJ . 

This is a square matrix equal to the identity matrix except 

the four additional elements in the intersection of i -th and 

j -th rows and columns: 
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where θcos=c  and θsin=s . It’s not difficult to verify 

that this is an orthogonal transformation because of  the fact 

that ( ) ( ) IjiJjiJ
T

=θθ ,,,,  for each θ . The rotation angle 

θ  is chosen such that to annihilate the ( )1−nn  off-

diagonal elements of the given matrix. Each Jacobi 

transformation brings the matrix A  closer to the diagonal 

form [2]. 

In the two sided Jacobi method for the SVD 

decomposition of a nonsymmetric matrix, the annihilation 

of the off-diagonal elements is done using a pair of rotations 

[3], such that: 
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If 1θ  and 2θ  are the angles generating the pairs 

( )11,cs  and ( )22 ,cs  then the solution given in [3] is: 
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IV. HESTENES-JACOBI METHOD 

Computationally better results offers the so called 

Hestenes-Jacobi method [4]. This method works with a 

smaller unit of computation (only with the rows of the 

matrix) compared with the first explained Jacobi method 

(which modifies both the rows and columns).  Since 

Hestenes-Jacobi transformations are orthogonal 

transformations which leave singular values unchanged, it 

is not important how many such transformations are 

applied. For a given nm ×  matrix A the Hestenes-Jacobi 

method produces an orthogonal matrix U as a product of 

plane rotations and a matrix N which rows are orthogonal. 

 

[ ] 0;...21 === j

T

inNUA ηηηηη for ji ≠          (4) 

 

The matrix N can be normalized by computing the 

square of the row norms 
i

T

ii ηησ =  and writing: 

VNN Σ=ΣΣ= −1 (in this case the computation of V is 

done by dividing the element iη  of N  by 
i

T

ii ηησ = . 

Because of 0=j

T

i ηη for ji ≠ , the matrix Σ  is a diagonal 

matrix). The matrix V is orthogonal and the iσ  are the 

non-negative squares of the singular values. Because U is 

orthogonal we have: 

 

VUAVUA
T Σ=�Σ=                                                (5) 

 

This equation is the same as the equation of the SVD of 

the matrix A . Multiplying both sides of (5) by 
T

A  we 

have: 

 

( ) VVVUUVVUVUAA
TTTTTTTTT ΣΣ=ΣΣ=ΣΣ=  

 

This means that Hestenes computation mathematically is 

equivalent to the Jacobi method applied to AA
T

 where 

singular values are equal to the squares of iσ . 

The orthogonal matrix U  may be taken as a plane 

rotation matrix ( )θ,, jiJ . If AA =1
, then JAA kk =+1 .  

The iterations result in the matrix N  defined by (4). 

Working with a submatrix of order 22×  we have: 
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From the condition of orthogonality we have: 
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From these relations the iteration formulae for updating 

the value of an inner product is given by the relation bellow:  
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Therefore the exact number of time steps will be twice 

bigger. So, the total number of time steps will be 

n +2R+3+4( n +R)+1=5 n +6R+4.  

VI. SVD OF A COMPLEX MATRIX 

The polar representation of each complex number 

ibaz +=  may be written in the form zi

zeRz
θ= , where 
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be a 2x2 complex matrix. There are proposed several 

unitary transformations for the diagonalization of a complex 

2x2 matrix. The two-sided unitary transformation proposed 

in [3] is: 
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If Μ is a real matrix then conditions given above can 

be simplified taking: 

 

0==== δγβα θθθθ  

 

The obtained result is identical to the two by two 

transformation given in (3). 

Another method is proposed in [6]. This method is 

given by the two-sided unitary transformation: 
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where 
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Transformations in (15) are unitary because the fact that 

1)( 22 =+ scχ . 

The main objective in the ordering the SVD of a 

complex matrix is transforming that into the real form. For 

that purpose some special forms of transformations are 

given which will help in that contest. 

 

Transformation 1: The transformation that converts two 

elements of a complex 2x2 matrix into real values (two 

elements of a second row) is given by: 
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where 

2
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+
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2
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Proof: The left side of (16) is equal with: 
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Summing and subtracting the equalities 
cd θθθα −−=2  

and 
cd

θθθβ −=2  we have: 0=++ cθθθ βα
and 

0=−+ βα θθθ
d

. Hence, the two elements of the second 

row will be real numbers. 

Similarly there can be obtained two other 

transformations given below: 

 

Transformation 2: The transformation that converts two 

elements of a complex 2x2 matrix into real values (two 

elements of a second column) is given by: 
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where 
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Transformation 3: The transformation that converts two 

diagonal elements (main diagonal) of a complex 2x2 matrix 

into real values is given by: 
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where 

2
ad θθ

θα

+
−=   and  

2
ad θθ

θβ

−
=  

 

Now, considering the transformations given above, it is 

possible to give general explanation of this procedure. For a 

complex matrix given as in (12), the first step is applying 

the transformation 1. After applying the transformation 2 

and the transformation 3 the result will be a real matrix. 

Then the procedure is the same as in equations (2) and (3). 

What about the systolic array of the SVD for a 

complex matrix? Each of the three transformations requires 

the generation and use of six angles, four 

unitary ( )dcba ,,,  and two rotational ( )βα , . These six 

angles must be propagated along both the rows and columns 

of processors on the main diagonal. The angles are 

generated by these processors and then are used for the 

diagonalization of a 2x2 complex matrices.  

To improve the systolic array in the aspect of 

computation steps which are used, the performance will be 

as follows: during the computation by the diagonal 

processors using transformation 2, at the same time the 

nearest off diagonal processors may be used for computing 

using transformation 3. Similarly, the computations 

according transformation 3, may be performed before 

finishing the computations according transformation 1 and 

transformation 2. Thus, while the main diagonal are still 

computing the values according transformation 2, the 

nearest off diagonal processors are applying the 

transformation 1 etc. This pipelining of transformations by 

formulas (16), (17) and (18) is given in the following 

figure: 
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