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-Abstract—In this paper we investigate the parallelization of
Hestenes-Jacobi method for computing the SVD of an 171X71
matrix using systolic arrays. In the case of real matrix an array
of R2 processors is proposed, such that each row contains

71 columns. In order to extend this idea we have presented

three transformations which are used for transforming the
complex into the real matrix. After the additional computa-
tions, we show how the same array may be used for the SVD of
a complex matrix.

1. INTRODUCTION

HE Singular Value Decomposition (SVD) is a matrix

decomposition of a great importance in different engi-
neering applications. It is particularly useful in the areas of
signal and image processing, robotics, pattern recognition
etc. This decomposition can be used for determining the
rank of a matrix in numerically reliable manner [2,7]. Differ-
ent approaches are known in the literature for the parallel
computation of the SVD of a matrix where the elements are
meanly real numbers. In [5], an expandable array for parallel
computing of SVD of large matrices is proposed. In [11],
the use of CORDIC method for SVD is demonstrated. In
[14 ] is given a fast Jacobi-like algorithm for the parallel so-
Iution of the SVD not focusing in CORDIC form, but by ap-
plying approximate rotations. In some applications one
needs to use complex matrices as well (like in beam-forming
algorithms in the signal processing [8]). In this paper we
propose an approach which offers parallelization using sys-
tolic arrays. First we give the method of constructing the
corresponding systolic array where the matrix is real, and
then we analyze how the corresponding systolic array for the
SVD can be designed if the elements of the matrix are com-
plex numbers. This differs from the case of real matrix, be-
cause of the fact that complex arithmetic and matrix trans-
formations in this arithmetic require greater number of com-
putational steps. In [9] it is proposed the SVD of a matrix
with complex elements where the matrix is with special
structure. On the other hand in [10] this idea is extended for
an arbitrary complex 2x2 matrix. In [12] is presented a sys-
tolic design concept for iterative algorithms when the VLSI
design keeps evolving into nanoscale. In [15] is designed the
parallelism of the so called Hestenes-Jacobi method for the
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SVD using the ring array. A systolic array for the computa-
tion of the SVD is presented in [5]. The array uses (";1/2)2

processors and is capable of processing the SVD of a square
matrix. The time complexity is O(nlogn) , which is to be
compared with the best serial algorithms, which have a
o] n3) time complexity. In [13,16] the efficiency of this ar-
ray is improved. In this paper it is given a model of systolic
array for the SVD of an mxn matrix which can be found
with the Hestenes-Jacobi method. Then, in the case of a
complex matrix, there are given some transformations which
transform the complex into the real matrix. Using these
transformations the same systolic array can be used for the
SVD of complex matrix.

II. THE SVD oF A MaTRIX
The SVD of an mXn matrix 4 is given by:

A=UEV' =
g 0 0 .0 v/
0 v,
[”| Uy, o U, um]mm 0 o .0 ' o
0 0 .0 v,
0 0 T

v
mxn n _pxn

where U and V are orthogonal mXm and nXn matri-
ces respectively, (i.e., UTU:Im and VVT:In )and X

is a diagonal mXn matrix such that Z:diag(al,az,...);

0'120'22...ZO'VZO'V+1:...:O'k:0 where r=rankd . In

the case m=n, X is square diagonal matrix of order » . In
the definition given above the 0; -s are the singular values
of 4.

The SVD decomposition is often based on diagonalizing
rotations which are orthogonal transformations which pre-
serve Eigenvalues and Eigenvectors as well as singular val-
ues and singular vectors. The sequence of rotations 4 ,
lim 4, =%

k— o

such that , is applied during the process.
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III. JACOBI ROTATIONS

The classical Jacobi rotation [1] has been used by
Jacobi in 19™ century as a tool for solving the least square
problem. This rotation is also called Given’s rotation. This
method uses a sequence of plane rotations to diagonalize a

symmetric #Xn real matrix A. We denote the Jacobi
rotation of an angle & in the (i,j) plane by J(i, j,9).
This is a square matrix equal to the identity matrix except
the four additional elements in the intersection of i -th and
j -th rows and columns:

i J
| i
l C )
J(i.j.0)=
i - c
. 1_

where ¢ =cos @ and s =sin 8. It’s not difficult to verify
that this is an orthogonal transformation because of the fact
that J (i, j,0) J(i, j,0) =1 for each 6. The rotation angle

6 is chosen such that to annihilate the n(n—l) off-
diagonal elements of the given matrix. Each Jacobi
transformation brings the matrix A closer to the diagonal
form [2].

In the two sided Jacobi method for the SVD
decomposition of a nonsymmetric matrix, the annihilation
of the off-diagonal elements is done using a pair of rotations
[3], such that:

K+l T k k
a;’ 0 _ G TS| |G | S 5 @)
0 a" s, ¢ at, a'||-s, ¢
JJ 1 1 Ji i 2 2
If 6, and 6, are the angles generating the pairs
(s,,¢,) and (s,,¢,) then the solution given in [3] is:

k k k k
a.+a; a. —a..
__ Y _ i ij

tg(el +02)_ k k° tg(GZ _01)_ k k (3)
i i a; +a;

IV. HESTENES-JACOBI METHOD

Computationally better results offers the so called
Hestenes-Jacobi method [4]. This method works with a
smaller unit of computation (only with the rows of the
matrix) compared with the first explained Jacobi method
(which modifies both the rows and columns). Since
Hestenes-Jacobi transformations are orthogonal
transformations which leave singular values unchanged, it
is not important how many such transformations are
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applied. For a given mXn matrix A the Hestenes-Jacobi
method produces an orthogonal matrix U as a product of
plane rotations and a matrix N which rows are orthogonal.

UA=N=[g, n, nlinn,=0forizj @

The matrix N can be normalized by computing the
square of the o,=nln, and writing:

N=XY"'N =XV (in this case the computation of V is
done by dividing the element 77, of N by o, =77‘.T771..

row norms

Because of 77,-T77j =0 for i # j, the matrix ¥ is a diagonal

matrix). The matrix V is orthogonal and the O, are the

non-negative squares of the singular values. Because U is
orthogonal we have:

UA=XV = A=U"XTV 5

This equation is the same as the equation of the SVD of

the matrix A. Multiplying both sides of (5) by A" we
have:

ATA=([UTEV] UTEV =VISTUUTEY = V7SS

This means that Hestenes computation mathematically is
equivalent to the Jacobi method applied to A" A where
singular values are equal to the squares of 0, .

The orthogonal matrix U may be taken as a plane
rotation matrix J(i, j,@). IfA =A, thenA,, =AJ.

The iterations result in the matrix N defined by (4).
Working with a submatrix of order 2X2 we have:

c —S
1 1
[a'k+ alf+ ]: [ak alf:l.|: :| =
i J i J s

c 6)
=latctdts —at-std ]
From the condition of orthogonality we have:
7
(a,."-c+af-s) -(—al.k-s+aﬁ~c)=0 @)

From these relations the iteration formulae for updating
the value of an inner product is given by the relation bellow:

T = haT sl Y]
o (a.k” )7 B (62 _32)(611_1( )T . a‘l; + CS|: aI;HZj|

2
k
i J a; _‘
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Writing gl.j:(al.)r-aj , the following equality will be
fulfilled:

(=g +es|llaflP=lldIF[=0  ©
From the equality (9) we can obtain the relation:
_cos20 _llafIP=llafI”

T sin20 Zg,-j

A=ctg 20 (10)

2tg 0

Putting t=¢tg @ , to the relation g 20=
& 11226

2t
there will be obtained the new relation —= which is

Ao1-1*
equivalent to the quadratic equation 2420 —1=0 . One

solution for Z and then for C and S is given by the rela-
tion below:

1
t=—sgnA(|A|+V1+1?) and CZW ; s=ct
(I

V. SystoLic ARRAY FOR THE SVD oF A MATRIX

We present a systolic array consisting of 9 processors
(generally the number of processors is RxR). The systolic ar-

T .
ray first computes the values gl.j:(al.) a; . After receiv-

ing the row norms ||al.||2 and ||a].||2 , each processor

computes the rotation values -5;; and C; according to the

formulas (8) and (10). The initial position of the correspond-
ing systolic array is given in the figure below:

Jas
s

2
o
Ay

>
as [l |
as, ay, a3
dsg ay Ay
e u-”‘ﬂ a}V
Voo 4E s
aw ay ap ay o’
* g ay ap a
o | -
2
o * ay ay ay ay |a|
-] |

Initial Position

Fig. 1 Systolic computation of rotation angles according (11) for R=3
and n=4

In Fig. 1 it is shown the first step of the systolic array for
computing the SVD of a matrix of order mxn
(m=6, n=4) . After 13 steps (the data movement pro-

ceeds systolically such that the first three rows move hori-
zontally from right to left and the last three rows move verti-

cally from top to bottom) the values <, and .5;; are com-
puted. The processor that receives row Z from the right and
row J from the top computes <; and S, . Then, the
same array may be used for obtaining the correspondent val-
ues of the matrix A x+1 according to the relation (6). This

is the second part of the systolic array. In the same way as in
the previous case, the processor receives values from right

and top. Then it uses the calculated values for ¢;; and s, ,
and the generalized form of the relation (6) to compute the

values of g**! . The initial form of this array is given in the
Fig. 2.
dsy
° Ay
as ® Ay
® Ay hd
s d A
. a .
Aso hd ay,
* Qg0 .
R
Cos Coa Co3 Ay ® dg ® A ® Ay
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Cis CH Ci3 L3 o . ap hd ap hd a;
5y Sia Si3
Cas| €24 Cp3 | ® ® ® ®ay ®ay ®ay ®ay
§ $24l S2
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Fig. 2 Obtaining the values of Ak+1 using the values C; and
§';; computed in fig. 1
In the presented cases there are required 13 time steps for
computing the values of €;; and .s;; (Fig.1), as well as 15

time steps in the calculation of the values of A4 1 (Fig. 2).

In general, in the case of Fig.1 there are required n+1
time steps for the computation of the values of inner product

g = (a,.)T “a;. According to (11) there are used 4 time

steps for the computation (one step for each of factors
A,c,t,s ). We have to take into the consideration that
this computation will start 2(R-1) time steps later. So the to-
tal number of time steps in the case of fig. 1 is 7 +2R+3. In
the case of Fig. 2 there are used more number of steps be-
cause of the use of two multiplicative and additive opera-

tions. The total number is 2( 7 +R)+1. In the case presented
in Fig. 2 these operations are merged together.
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Therefore the exact number of time steps will be twice
bigger. So, the total number of time steps will be
n +2R+3+4(n +R)+1=5 n +6R+4.

VI. SVD OF A COMPLEX MATRIX

The polar representation of each complex number
Z = a+ib may be written in the form z= R ¢, where

6 = tanl(b) and 0< 6, <27
a

¢’ =cos@+isinf, R,

Let

. i, o
a,, +ib,, Ce'™ De'™

a,, +ib,,
a,, +ib,,

a12+ib12} {Ae g Be"”'} 12

be a 2x2 complex matrix. There are proposed several
unitary transformations for the diagonalization of a complex
2x2 matrix. The two-sided unitary transformation proposed
in [3] is:

i0 i6 i i i6; io,
l:c¢e‘ < —sse ”}{Ae'e“ Be'® }{cwe ©o-s,e ”1
i, i, i6, if, if, i6,
14 5 ¢ d u @
s4e cze Ce De s,e c, e (13)

| We o 0
0 Ze™

where
anlo, —0,)=— ACsin(6, - 6,)+ BD(6, - 6,)
© T Accos(e, 6’,5,)+ BDcos(ﬁb 6,)
tan(g, —6,)=— ABsin(6, -6,)+CD(6. -6,)
n " Y ABcos(8, —6,)+CDcos(6. - 8,) (14)
(0, +0,+6,) _ v i(05+8,+6.)
tan(€¢ —HW)=_Be Ce’

Dei(aﬁwﬁwﬂ) _Ce' i(6,+6,+6,

)
Be!0t040) _ oy i(65+6,+6,)
)

tan(9¢ +6, ) =

- Dei(sﬂm“a,) _Ce' i(6,+6,+6,

If M is a real matrix then conditions given above can
be simplified taking:

0,=6;,=0,=6,=0

The obtained result is identical to the two by two
transformation given in (3).

Another method is proposed in [6]. This method is
given by the two-sided unitary transformation:
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1 1 1 1

1565 —,‘L’ES§ |:Ae'ﬂu Bei'g’lzzcz —,‘t’zsz.
1 1 i6, i6, L 1
~2se 2, Ce™ De 2. xle. |19
_|we'® 0
0z
where

Z=l//+i¢» Z,=l//—l.¢,
E=¢e+in, &=¢e—-in,
X =sech2¢

Transformations in (15) are unitary because the fact that
z(c+sH)=1.

The main objective in the ordering the SVD of a
complex matrix is transforming that into the real form. For
that purpose some special forms of transformations are
given which will help in that contest.

Transformation 1: The transformation that converts two

elements of a complex 2x2 matrix into real values (two
elements of a second row) is given by:

|:ei9,, 0 :||:Aeieu Be'® }|:eieﬁ 0 }
i6, i6, i6, ~i6
0 e Ce De 0 e (16)

B Aeifo  Bei®:
C D

where

[ =—0d+0” and 9[;:0‘1_90
2 2

Proof: The left side of (16) is equal with:

i(6,+6,-65)

A- ei(e,,+9u+9ﬂ) B-e

C. ei(9a+(9{.+9ﬂ) D. ei(aﬁaraﬁ)

Summing and subtracting the equalities 26, =—-6, -6,
and 29/} =6,-6, we have: 6, + ‘95 +6.=0 and
6,+9, —aﬁ =(. Hence, the two elements of the second

row will be real numbers.
Similarly there can be
transformations given below:

obtained two other

Transformation 2: The transformation that converts two
elements of a complex 2x2 matrix into real values (two
elements of a second column) is given by:
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a7

where
0,+6,
2

6, = 1= and 65 =—
2

Transformation 3: The transformation that converts two
diagonal elements (main diagonal) of a complex 2x2 matrix
into real values is given by:

eiﬁa O Aelﬂ“ Beigb eig/; 0
O eiga Celﬂ( Deigd O e—ie/,
| A Be”
Ce'” D

where

(18)

6 =—9‘1+9‘* and 9ﬁ=9"_9"
2 2

Now, considering the transformations given above, it is
possible to give general explanation of this procedure. For a
complex matrix given as in (12), the first step is applying
the transformation 1. After applying the transformation 2
and the transformation 3 the result will be a real matrix.
Then the procedure is the same as in equations (2) and (3).

What about the systolic array of the SVD for a
complex matrix? Each of the three transformations requires
the generation and wuse of six angles, four

unitary (a,b,c¢,d) and two rotational (a,ﬁ). These six

angles must be propagated along both the rows and columns
of processors on the main diagonal. The angles are
generated by these processors and then are used for the
diagonalization of a 2x2 complex matrices.

To improve the systolic array in the aspect of
computation steps which are used, the performance will be
as follows: during the computation by the diagonal
processors using transformation 2, at the same time the
nearest off diagonal processors may be used for computing
using transformation 3. Similarly, the computations
according transformation 3, may be performed before
finishing the computations according transformation 1 and
transformation 2. Thus, while the main diagonal are still
computing the values according transformation 2, the
nearest off diagonal processors are applying the
transformation 1 etc. This pipelining of transformations by

formulas (16), (17) and (18) is given in the following

figure:
11
1 L1
1 L]
1 L
1 LU
step 1 step 2
11 1" |1
Ul ' U |l
L] 1y 1 I
LY 1T
1 [T 1]1
step 3 step 4
2 1 [1 212 I’
2 4 2 1212
2 21212
I 2 212°R
1 2 I 2
step 5 step 6
212 2'[2
| 2°12 2'(2
2127 27| 2 2 2
212" R 212
2R 212
step 7 step 8
3 2’12 313 2
3 2 3 |33
3 3133
2 3 3378
212 3 2 3 3
step 9 step 10
313 33
3] 3713 3]
313 3’13
313" B 3
3B 313
step 11 step 12
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3/

step 13

Fig. 3 Steps of computations on systolic array for the transforming the

complex into the real matrix

After this procedure, the obtained matrix will be a real
matrix, so the same systolic array as in figures 1 and 2 may

beu

sed for calculations.
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