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Abstract — In the presented study Particle Swarm Optimiza-
tion will be applied on an instance of the Multi Level Capacitat-
ed Minimum Spanning Tree Problem. Specifically a diversity
preservation global variant of the PSO meta-heuristic will be
presented. The particular PSO variant includes Gaussian mu-
tation to avoid premature convergence and alternative selection
of the flight guide per particle. Obtained results are compared
with corresponding evolutionary approaches. Potential tree so-
lutions are encoded/decoded using Network Random Keys. A
real world network design case is introduced.

I INTRODUCTION

Network design problems apply to a wide range of appli-
cation domains, spanning from transportation to
telecommunications etc. Imposing a set of constraints to
common polynomially solved problems such as the mini-
mum spanning tree or the shortest path three problems, usu-
ally renders them NP-complete. The increasing complexity
of network design problems calls for advanced optimization
techniques.

Specifically in the telecommunications industry, one prob-
lem network planners usually face is the communication
node (terminal, router etc) layout problem; that is the Capac-
itated Minimum Spanning Tree Problem (CMSTP). The
CMST problem is fundamental to the design of centralized
communication networks and has been studied extensively
for its importance in practical applications. The aim is to
find a minimum cost tree, spanning a given set of nodes
whilst satisfying a set of capacity constraints associated with
every arc in the network. For the CMST a single type of ca-
pacity is available for the interconnection of any two nodes
in the network.

However in real world applications there are usually more
facility types available to the network planner. The Multi
Level Capacitated MST (MLCMST) problem generalizes
the aforementioned CMST problem by allowing only a pre-
defined set of capacities with different cost functions [1].
The problem formally is defined as: given a fully connected
graph G(N, A), node 0 represents the central node
where traffic demands ryy are gathered originating from the
rest K = N - [ nodes. To facilitate the traffic demands there
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are |L| available capacity types with different cost functions
C'; denoting the cost of capacity of type / connecting nodes
i, j. Only one facility type is allowed to be installed on every
link. Since MLCMST is a generalization of the NP-hard
CMST problem the problem is NP-hard [2].

Considering the CMST problem, various heuristic ap-
proaches have been presented in literature, classified either
as classical heuristics or meta-heuristics [3]. While classical
heuristics performs a limited exploration of search space and
result in inferior solutions (e.g. the Esau—Williams algo-
rithm [4]), meta-heuristics are general purpose optimization
methods that usually involve a large set of parameters that
needs to be fine-tuned. However, especially for large scale
instances of the CMST problem, these techniques effectively
produce satisfying (sub) optimal solutions. Meta-heuristic
approaches such as simulated annealing, tabu search and ge-
netic algorithms have been successfully applied to the
CMST problem space. Extended reference on the subject
can be found in [1][5]. An interesting review of background
material on network design problems and the application of
CMST can be found in [6]. Gavish was the first to address
the capacitated minimum spanning tree problem in the con-
text of communication networks, bearing no constraints in
the number of hops from a source to a sink, employing non-
bifurcated routing [7][8]. Raghavan and Gamvros have pro-
vided a number of research studies on solving the MLCMST
with genetic and other heuristic algorithms (e.g. [1][9]),
Martins et al [10] etc.

In the presented study Particle Swarm Optimization will
be applied effectively on the MLCMST problem. Specifical-
ly a diversity preservation global variant of the PSO meta-
heuristic will be presented and evaluated against a common
genetic algorithm. In addition a real world network design
instance in the region of Greece will be utilized. The appli-
cation of PSO on constraint MST problems is not extended.
In [11] the authors utilize a multi-objective discrete PSO al-
gorithm on a multi-criteria MST problem. In [12] the appli-
cation of a local PSO algorithm employing uniform mutation
on an instance of the Optimal Communication Spanning
Tree is presented by the authors of this study. In [13][14] a
hybrid PSO method is utilized initially for the Shortest Path
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Tree problem and following for the Delay Constrained Least
Cost Path problem.

In Section II a short overview of the PSO algorithm is
provided as well as the variations proposed in this study. In
Section III the network design problem formulation is pre-
sented. In Section IV, the obtained results of the proposed
methodology are critically evaluated against the evolution-
ary algorithms’ performance in terms of design goals satis-
faction and convergence behavior, while in Section V the
most important conclusions and future work are briefly dis-
cussed.

II.  ParticLE SwARM OPTIMIZATION

Basic PSO and variations

PSO is a population based algorithm that exploits a set of
potential solutions to the optimization problem. Each poten-
tial solution x ; 12 £ R" is called a particle and their ag-
gregation forms the swarm F . The particles fly through the
n -dimensional problem space with velocity 2; eR™. subject
to both deterministic and stochastic update rules to new po-
sitions, which are subsequently scored by a fitness function.
The velocity of the particles is updated on each iteration ac-
cording to their best encountered position ¥ (personal best)
and the best position encountered by any particle 7; within

its neighborhood M; = F (local best) or any particle ¥y
within the swarm F (global best). Consequently the individ-
ual particles are drawn stochastically toward the positions of
their own previous best performance and best performance
of their neighbors, in accordance with the following equa-
tions (index 7 is omitted for clarity of illustration):
ug(h + 10 = us ) + e ) o () — 2, ) | +

' (1)
gk + 1) =x (k) +uyglk+1)
where k denotes the iteration number, x; (k) and u . (k) rep-
resent the particle’s current position and velocity for dimen-
sion d=1..n, and g (k). g, ()~ 000,11 are random numbers

in the range [O,i] The cognitive component

e | (1 AR . .
€100 (k) | ppz Wk} —x 3 k) | associates the particle’s own ex-

perience with its current position whereas the social compo-
nent ¢z 2z (k] 'L.ng (k) — x40k} | is associated with social in-
teraction between the particles of the neighborhood, resem-
bling a group standard which individuals seek to attain. The
acceleration coefficients ¢;. ¢; along with the random vec-
tors 2. 2 control the stochastic influence of the cognitive
and social components on the overall velocity of the particle
[15]. Proper fine-tuning of c; and c; parameters may result
in faster algorithm convergence, and reduce the probability
of entrapment around sub-optimal solutions. The efficiency
of the algorithm is based on its cooperative nature and is
most efficient when ¢. ¢z coexist in good balance, that is
£y & ¢; [15]. Default values of ¢; = c; = 2 were proposed in
[16], but experimental results indicate that alternative con-
figurations of ¢/, c;2 depending on the problem, may
produce superior results [17]. Despite the fact that accelera-
tion coefficients are usually static with their optimized val-
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ues found empirically, adaptive coefficients have also been
proposed (e.g. [18]).

In the initial applications of the PSO algorithm, it was re-
ported that the velocity vector exploded quickly to large val-
ues that resulted in particles diverging, moving beyond the
boundaries of the search space. To control swarm explosion,

according to the relation _

ug (t) = sign (ug (£)Imin{lug ()], e 2} where small val-
dimension is defined as Hmzr g = §( X mzr 2 — Tminz! where
X g€ [Xmin g2 X mar 2] and S2(0.1] parameters are problem-de-
pendent.

However the velocity clamping mechanism does not con-
fine the positions of the particles within the search space; it
solely controls the step size of the move and the direction of
the flight. Soft (e.g. reflective or absorbing boundary condi-
tions) and hard boundary conditions (position clipping) may
be utilized in PSO to constrain the obtained solutions within
the search space defined [19]. Reflective Boundary Condi-
tions inverse and Absorbing Boundary Conditions nullify
the velocity vector. In the event of RBC, if xz(k + 1)
= [r.“'.e'r: 45 maxd ]s “i':';{ +1) = —uz(k +1). For most opti-
mization problems the RBC has been shown to improve the
convergence behavior of the algorithm [19].

One of the most widely adopted improvements of the PSO
algorithm is the introduction of inertia weight, which is em-
ployed to control the exploration/exploitation ability of the
algorithm [20]. The inertia weight controls the effect of the
previous flight direction during velocity updates. However it
does not eliminate the need for velocity clamping [21][15].
A large inertia weight favors global exploration with in-
creased diversity whereas small value encourages local
search:

ua(k + 1) = w g (6 + 0 () (ppe (6) — x4(0) + (2)

Shi and Eberhart observed that choosing we[0.8.1.2] re-
sults in faster convergence, but when it exceeds a threshold
value of 1.2, the algorithm fails to converge consistently.
Van De Bergh et al [28] prove that the parameter configura-
tion {w = 0.7293, ¢, =1.49818, ¢, = 1.48618} proposed
by Eberhart and Shi [22] leads to better convergence charac-
teristics (fitness value, convergence rate). Therefore this is
the parameter configuration that will be used in the present-
ed study.

Pbest Hybrid PSO variant

A common problem with PSO is that it tends to prema-
turely converge to an equilibrium state [15], which results in
the entrapment of the particles in the vicinity of sub-optimal
solutions. The phenomenon usually emerges when the
optimization problem’s dimensionality increases and the
fitness landscape is highly irregular (e.g. non-convex) and is
mainly attributed to the loss of population diversity. On this
direction in [12] the utilization of uniform mutation along
with attractive repulsive PSO employing Von Neumann
topology was presented. However the global version of the
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algorithm does not exhibit the same satisfactory
convergence behaviour on network design problems. To
overcome the problem of premature convergence for the
global version of the algorithm, each particle explicitly
chooses its guide randomly from the set of particles’
personal best values. In a sense, the method resembles the
per particle guide selection method for multi objective PSO
algorithms where an elite archive stores the best solutions
found [29]. The “archive” size in this case is determined by
the population size. The technique resembles also the basic
version of Cooperative Learning PSO [33] in the sense that
other particles' pbest are also used as exemplars to guide a
particle's flying direction, though not differentiating the
leader per dimension or using one leader at a time.

In addition, mutation has proved to successfully comple-
ment PSO and improve its exploration capability. Mutation
operators usually applied with PSO include [15] linear muta-
tion operators, non- linear mutation operators, Gaussian mu-
tation, Cauchy mutation etc. Mutation can be applied on the
velocity vector, the position vector, personal best position or
neighborhood best position. In this case, a modified Gauss-
ian mutation scheme is utilized, partially based on the opera-
tor defined in [24][33] where the position vector of each par-
ticle is mutated. Each coordinate of every particle has a
chance of getting mutated with probability z, according to:

|:f'
v k) = (k) + g %7 'r’|><|1—. ]
Cmax
where
1‘I.J"-.'J.]_\, EY S Xpopd — Xin 2 (3)
f,.,, —xak) if glk)~U(0,1) = 0.5
() =1 R g
= | x —xglk) else

As the algorithm evolves in time the mutation step size
decreases to zero when k = Fku.. Therefore wide-range
searches are possible at initial stage while solutions are re-
fined in later time steps. The time complexity of the afore-
mentioned hybrid PSO remains governed by the position up-
date function that is O(Md) where M denotes the swarm size
and d problem dimensionality.

Tree encoding

Of crucial importance to the success of the optimiza-
tion procedure is the choice of candidate solutions represen-
tation. Regarding tree representation on evolutionary algo-
rithms a variety of encodings have been proposed as charac-
teristic vectors, predecessors, Prufer numbers, link and node
biasing, edge sets etc. An interesting comparison with corre-
sponding references is presented in [25]. In the presented
work a tree is encoded with the network random keys
(NetKeys) scheme introduced in [26]. In this encoding, giv-
en a connected graph & = (N.A} where N represents the
node set and A the arc set, a tree solution x ;e 1 £ R" is
represented by a string of n = —11/2 continuous
real-valued weights, one for each arc of the complete graph
where ¥z £[0.1] . These continuous variables can be inter-
preted as the importance of the link, allowing for distinction

nr If nr
ik xn.‘u
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among more and less important links. In order to decode the
string, the edges are sorted by their weights and Kruskal’s
minimum spanning tree algorithm is used to create the tree.
Therefore for a network of 16 nodes, 120 control parameters
are needed, bounded within [.1]. Decoding the solution for
evaluation is computationally expensive &(nlogn). Howev-
er there are certain crucial advantages for utilizing NetKeys
in general and particularly along with PSO. As the construc-
tion of the tree is based on the relative ordering of the keys,
the locality is high, thus mutation is applied effectively. In
addition the use of Kruskal’s algorithm ensures that the re-
sulting graph will be a valid tree. Moreover, using NetKeys
that represent a tree with normalized continuous real values,
allows for direct application of the position update formulas.

II1.

The Multi Level Capacitated MST problem is formally is
defined as: given a fully connected directed graph G'N.A),
node 0 represents the central node where traffic demands

TrREE NETWORK DESIGN PROBLEM

h* = ., are gathered originating from the rest
Kl = INI =1 nodes. To facilitate the traffic demands there
are L available capacity types Z* = Z% = = I’ fmax

with different cost functions C;; denoting the cost of capacity
of type | connecting nodes i, j. Only one facility type is al-
lowed to be installed on every link. The deployment cost of
the n network comprises of the sum of costs of all links that
are present on the tree solution.

Minimize Z ZC

s L (4)

(5)

, (6)

- (7)

Fi=xy ViLjJEA kEK (8)

, oi =0 ©)
J'|=11";'E'.;=|:| (10)
'r_i.i. L ¥ | L 1 "I-I:l il E A (1 1)
x; €101} v(i, ) e A (12)
vielol) vijled 1L (13)
fielot) vioed kek (14)

Four types of facility types are used. The binary variable
x¢; denotes whether link (i of 1is present on the tree solution,
denotes whether link type / is installed on link (.} and
f“,‘ denotes whether the flow originating from source k is
routed through the link (z. /).
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Constraints (5), (8), (9), (10) and (11) ensure that the
topology is a directed spanning tree towards the central
node. More specifically, (11) ensures that only one-way link
is installed between edges i ,j, (9), (10) ensure that each node
i has only one outgoing link, except from the root node (the
sink), (8) ensures that the flow of source & can pass through
link (i,j) only if link (i,j) is present on the solution tree and
(5) ensures flow conservation.

Constraint (7) ensures that exactly one link type / is in-
stalled on link (7,j) while (6) ensures that the sum of all
flows that are routed through the link (i,j) do not exceed the
capacity Z' of linktype / installed on link (i,j). The distances
among nodes are computed as the Euclidian distance d;. The
cost C;/ per link type / is constituted of a fixed setup cost and
variable cost piecewise linear and monotonically increasing
with the distance (Figure 1).

Constraint handling is of extreme importance when deal-
ing with real-world problems. Constraints usually need to be
incorporated into the optimization procedure to avoid con-
vergence towards infeasible solutions. The most popular
constraint-handling techniques are penalty functions or using
selection schemes that consider feasible solutions to be supe-
rior to infeasible ones [32]. In addition the use of multi-ob-
jective optimization concepts have been explicitly used to
handle constraints in single-objective optimization problems.
Regarding the particular problem, in case constraint (6) is vi-
olated a penalty cost C;/*""=50,000+500d; is assigned on
link (7). Moreover, the tree encoding scheme utilized en-
sures that all tree topology constraints are met.
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Figure 1 : Cost per link capacity type C ij ! per km

Figure 2 : Optimal solution found (5,377.7€)
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The proposed pbest hybrid PSO algorithm was applied to
the MLCMST problem and compared against a genetic algo-
rithm, as well as, a global and a local version of the PSO al-
gorithm. The presented results were obtained after repeating
the optimization process for 100 times in order to obtain
more statistically important indicators on the algorithm’s
convergence behavior over several runs. The mutation oper-
ator' described in section I was employed on all four exam-
ined algorithms with probability p ,» =1%. Parameter config-
uration {w=0.7298, ¢, = ¢, =1.49618,} was selected (see sec-
tion II-A). Velocity clamping parameter is crucial to the con-
vergence behaviour of the algorithm, since it defines the
maximum allowable change of particles' position at each
generation while exploring the search space. Often it has
been set at 10% - 20% of the dynamic range of each control
parameter (e.g. [30]) providing a good trade-off between
convergence speed and convergence to a global minimum
point. In this case velocity clamping was set t0 Umawa =
0,1(Xmaxa - Xmina). The local version of the PSO algorithm
uses the Von Neumann neighborhood topology [19], where
particles are connected using a 2-dimensional grid and each
particle is connected to its four neighbor particles (above,
below, right, and left particles). Concerning the GA em-
ployed, ranking selection was utilized along with uniform
crossover with probability p..,=90%. The population is
complemented (10%) with elitism. On both cases the popu-
lation (100 particles/individuals that is commonly used in
many applications of the PSO algorithm e.g. pp. 427 [31])
was allowed to evolve for 1000 iterations.

In order to evaluate the effect of the algorithm’s parame-
ters and to quantify the performance of PSO, measures of
accuracy, reliability, robustness and efficiency are exam-
ined. Accuracy refers to the quality of the obtained solution.
Accuracy is expressed as the error of the mean best fitness
value computed over 100 runs: ferr = | f oy - f meansest | Given
the fact that the optimal solution is not known for the exam-
ined problem instance, we used the best fitness value found
as [ o (Figure 2). Complementary to the accuracy measure,
robustness of the swarm is quantified by the standard devia-
tion of the aforementioned error ¢ . . A small value indi-
cates a small range of values where the swarm converges.
Reliability is measured as a percentage of the simulations
that reached the optimum solution denoted as success rate.
Finally the efficiency of the algorithm is expressed as the av-
erage number of iterations to converge to the best found so-
lution. The results are depicted in Table I

In Figure 3 the convergence behavior of the pbest hybrid
PSO is presented against PSO with a global neighborhood,
PSO with a local neighborhood (Von Neumann) and GA
while solving the SO network design problem. The best run
for the gbest PSO version was able to locate the global best
configuration of the network within 81 generations, requir-
ing a total of 8,100 fitness function evaluations (for a swarm

! The mutation step size (1-k/kmax) was not applied to the GA..



CHRYSSA PAPAGIANNI ET. AL.: PARTICLE SWARM OPTIMIZATION

population of 100 particles), while for the lbest version is
14,500, the pbest version is 30,000 and the GA 10,300.

1200

GA

global PSO

local PSO

pbest hybrid PSO

1000 A

=

800

600

ferr

400

200

400 600 800 1000

iterations

Figure 3 : Convergence behavior of PSO-GA

As depicted also in Figure 3 the pbest hybrid PSO con-
verges slower than the other examined algorithms, while the
GA and the global PSO have the fastest convergence. Due to
the trade-off between fast convergence and quality of found
solution, the proposed algorithm outperforms all the other
examined algorithms in terms of ferr, ax,» and success rate.
In addition it needs fewer iterations than the examined varia-
tions of PSO to find the optimal solution (including unsuc-
cessful attempts).
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iterations
Figure 4 : Convergence behavior and Fitness diversity of pbest hybrid
PSO

In Fig. 4 the convergence behaviour for a single run of the
pbest hybrid PSO can be evaluated against the diversity of
the fitness value of the personal best for each member of the
swarm. We observe that after the 283™ iteration where the
best found solution is reached (therefore ferr=0) particles
are gradually drawn to this solution. In the 400™ iteration all
members of the population are found in close vicinity of the
optimal (indicating loss of diversity
selected guide per particle).

Pn — ¥ where Hs

ConcLusions -FUTurRe WoRk

In the particular study, a variant of a single objective PSO
algorithm was applied successfully on a communications
network topology design problem. Specifically an instance
of the Multi-Level Capacitated Minimum Spanning Tree
problem was introduced. The presented hybrid version of the
particle swarm algorithm applies Gaussian mutation to the
swarm whereas an additional diversity preserving mecha-
nism is applied; each particle chooses explicitly its guide
randomly from the set of particles’ personal best values in
the entire swarm. NetKeys representation of candidate solu-
tions is utilized. The proposed methodology shows an im-
provement in the optimization process in comparison to GAs
and basic PSO. Future work will include the application on
the aforementioned PSO variant on various instances of the

0 50 400 . .. 1
o problem, applying heuristics as the Esau—Williams algo-
iterations . . SEIRT. .
rithm during the initialization of the swarm.
TasLEI.
PSO-GA CompaRisoN
Cost of Global PSO Local PSO GA-Rank pbest Hybrid PSO
best' solu- [Population=100] [Population=100] [Population=100] [Population=100]
tion [Runs=1000] [Runs=1000] [Runs=1000] [Runs=1000]
ferr 377,59 209,62 137,52 93,28
Tooe 231,18 194,14 167,01 146,19
5,377.7€ .
It. 925,06 778,77 656,32 768,75
SR 11% 35% 46% 63%
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