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Abstract—Understanding of real world phenomena needs to
incorporate the fact that observations on different scaleseach
carry essential information. Multifractal formalism is te sted if it
can work as a robust estimator of monofractal properties when
scaling interval is consistent with low-frequency (LF) band of
power spectral analysis used in estimates of heart rate variability.
Tests with fractional Brownian motions are performed to validate
two popular multifractal methods: Wavelet Transform Modu-
lus Maxima (WTMM) and Multifractal Detrended Fluctuation
Analysis. Only WTMM method passes the tests when scaling
is limited to LF band. Then WTMM method is applied in
analysis of short-time control processes driving the heartrate.
The significant difference is found between multifractal spectra
describing healthy hearts and hearts suffering from left ventricle
systolic dysfunction.

I. I NTRODUCTION

T HE PERMANENT high activity of the sympathetic
branch of the autonomous nervous system leads to delete-

rious changes in the heart called chronic heart failure. Forthat
reason the early detection of the increased sympathetic activity
is of highest priority[1], [2]. It is known that the predominant
sympathetic and reduced parasympathetic modulation results
in reduction of the heart rate variability (HRV)[3]. Power
spectral analysis of time intervals between subsequent heart
beats (so-called RR-intervals, see Fig.1) is a simple non-
invasive tool capable of assessing changes in the autonomic
control: sympathetic and parasympathetic, of heart rate.

Traditionally the power spectral analysis is performed in two
bands: high-frequency (HF: 0.15-0.4Hz) and low-frequency
(LF: 0.04-0.15Hz) [3]. The HF band is attributed to parasym-
pathetic modulation, while the LF band appears to be jointly
mediated by parasympathetic and sympathetic influences.
The other two ranges of power spectral analysis: very-low-
frequency (VLF:0.004-0.04Hz) and ultra-low-frequency (ULF:
≤ 0.004Hz) are analyzed by nonlinear analysis tools, [4],
[5], [6], [7], [8], [9]. In these ranges the power spectrum
decays in a power-law form, namely, like1/fβ. If a healthy
heart rhythm is considered thenβ is close to1 while β is
significantly greater than1 in case of heart failure. Therefore
the power-law slopeβ is a marker of autonomic control. A
similar marker which would be related to the LF band is
awaited. Attempts are made to quantify properties in short-
time scales by, for example, scaling of detrended fluctua-

Fig. 1. Examples of series RR time intervals considered: normal sinus rhythm
(nsr gda) and RR-intervals from a heart suffering of left ventrical systolic
dysfunction (lvsd).

tions of RR-intervals in short scales [10], [11], [12], [13],
[14].

In the following we investigate whether the multifractal
analysis [15] restricted to scales corresponding to LF bandcan
provide a marker of short-time autonomic control of the heart
rate. Unfortunately, the multifractal analysis cannot be used
as a black box. It involves sophisticated mathematical tools
what results that numerical procedures are sensitive to many
known (such as finite size of signals) and unknown (e.g., so-
called linearization effect [16]) reasons. The relation between
properties expected from rigorous investigations and properties
received from a numerical approach is an accepted measure
of the quality of multifractal tools [8], [16], [17], [18], [19].

Following this idea, in the present paper we examine how
the two popular multifractal methods: Wavelet Transform
Modulus Maxima (WTMM) [17] and Multifractal Detrended
Fluctuation Analysis (MDFA) [18] display monofractality.In
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particular, we test in what way multifractal properties of the
simplest monofractal processes, such as fractional Brownian
motions (fBm), are represented when the multifractal analysis
is performed in short time scales corresponding to LF band.

Then we describe HRV of the group of people suffering
from the left ventricular systolic dysfunction (lvsd). Thelvsd
is known to cause the permanent high level of the sympathetic
tone to maintain the proper cardiac output [20]. This analysis
continues our previous investigations focused on RR-series
received from 90 patients with left ventricle ejection fraction
(LVEF) low, LVEF= 30.2± 6.6% ([21], [22], [9], [23], [24]).
For comparision the set of 39 RR-series of normal sinus
rhythm of healthy individuals will be used. All series are
available from [25].

The paper is organized as follows. In section II the multi-
fractal formalism is introduced to explain numerical difficulties
involved in multifractal analysis. In subsection IIC we propose
the protocol how effectively estimate monofractality. Results
received from WTMM and MDFA methods applied to fBm
signals are presented in section III. Then the multifractal
analysis is performed for RR series, section IV. Last section
contains concluding remarks.

II. M ULTIFRACTALITY OF A MONOFRACTAL SIGNAL

A. Multifractal formalism

A mathematical meaning of multifractality is related to
pointwise regularity of a continuous functionX(t), see, e.g.,
[15], [17], [18]. Namely, for anyt0 one searches for a maximal
valueh(t0) such that

|X(t0 + δt) −X(t0)| < C|δt|h(t0) (1)

for some C > 0 and if δt → 0. If a signal X(t) is
differentiable att0 then h(t0) = 1. If h(t0) ≥ 1 then the
neighboring values ofX(t) are similar toX(t0), while if
h(t) < 1 then in any neighborhood ofX(t0) the wide set
of values ofX(t) can appear.

Then one asks what is the structure of a subsetE(h) =
{t0 : h(t0) = h} that collects points of the domain where the
exponenth(t0) in (1) is equal to a given valueh. By changing
h one obtains a family of setsE(h) which decomposes
the domain ofX(t) according to singularity exponents of a
signal. In case of multifractal signals each setE(h) has a
complex — fractal structure, setsE(h) are highly interwoven.
The structure of each setE(h) is assessed by its Hausdorff
dimension:

D(h) = dimH{E(h)} (2)

Finally, as a multifractal spectrum one calls a functionh →
D(h). For example, if a signalX is differentiable everywhere
then the multifractal spectrum is reduced to a single point
(1, 1).

Direct numerical calculations, going by (1) and (2) to
a multifractal spectrum, are extremely difficult. Fortunately,
they can be simplified thanks to the multifractal formalism.
The multifractal formalism is based on the relation between
multifractal spectrum ofX(t) and so-calledscaling exponent

functionτ(q) received from estimates of scaling properties of
partition functions.

Let {X(i)}i=1,2,... be a discrete approximation to a sample
path of some stochastic processX(t). Let the series{X(i)}
be divided into boxes consisting ofn points. Any quantity
R

(n)
X (k) which describes some property of a signal in ak-th

box is called the multiresolution quantity. It is said thatX
possesses scaling properties if the partition function, i.e., the
averages ofq moments of a given multiresolution quantity,
depend on a scalen in the power-law form, namely, if the
following relation holds:

1

K

K
∑

k=1

|R
(n)
X (k)|q ∝ |n|τ(q) (3)

whereτ(q) is the scaling exponent function. The multifractal
spectrum(h,D(h)) is obtained by the Legendre transform
applied to the scaling exponent function(q, τ(q)):

h =
dτ(q)

dq
D(h) = qh− τ(q) (4)

There are two basic approaches to construct the multireso-
lution quantities:
(1) aggregation of a signal within ak-th box of a given size
n, e.g.,R(n)

X (k) = 1
n

∑n

i=1X(kn+ i),
and
(2) differentiation of a signal within ak-th box of a given size
n, i.e.,R(n)

X (k) = X(kn+ n) −X(kn).
Again, the direct usage of (3) and (4) suffers from numerical

difficulties what often effects in wrong estimates. However
after wide simulations the following two numerical methods
(though related only intuitively to rigorous mathematics)are
used to calculate multifractal spectra.

The first method is called the Wavelet Transform Modulus
Maxima (WTMM) method [17]. The wavelet coefficient of
the wavelet transform of a signalX is chosen as a mul-
tiresolution quantity:R(n)

X,ψ(k), whereψ denotes the mother
wavelet transformed to a scalen and shifted to ak-th box.
But the partition function is constructed differently from(3).
In a given scalen a set of the local maxima of a function
k −→ |R

(n)
X,ψ(k)| is determined. Then at a given time position

the maxima are chained across scales to establish, so-called,
maxima lines. The partition functionZ(n, q) is formed from
the largest multiresolution quantities along the maxima lines,
i.e. :

Z(n, q) =
∑

k:sup local maxima

across scales

|R
(n)
X,ψ(k)|q (5)

A multiresolution quantity of the second method called
Multifractal Detrended Fluctuation Analysis (MDFA) [18],
estimates departures of the signalX from a local polynomial
trend:R(n)

X,Pk
m

(k) whereP km is a polynomial trend ofm order
found for thek-th box:

R
(n)

X,Pk
m

(k) =





(k+1)n
∑

i=kn+1

[X(i) − P km(i)]2





1

2

(6)
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The partition functionF (n, q) is given as

F (n, q) =

K
∑

k=1

(R
(n)

X,Pk
m

(k))q (7)

The MDFA method comes out from detrended fluctuation
analysis (DFA) method proposed by Peng et al. [5] to investi-
gate long-range dependences in physiological signals or, more
generally, in non-stationary time series. On the list of methods
used for estimating long-range dependences, the DFA method
is described as residuals of regression [26] because ifP km is
the best polynomial approximation toX(i) in thekth box then
formula (6) can be read as the sample variance of residuals.
The DFA method is important because there is an expectation
that this method should provide a quantitative estimator for
short-time dependencies also [12], [13], [14].

In the following we will call a multifractal spectrum cal-
culated on the base ofZ(n, q) as a WTMM spectrum and
a multifractal spectrum received fromF (n, q) as a MDFA
spectrum.

B. Monofractal indicies by multifractal estimators

A self-similar process with a self-similarity indexH gives a
point multifractal spectrum located at(H, 1). Fractional Brow-
nian motions fBmH are the simplest self-similar processes
with the self-similarity indexH ∈ (0, 1). Hence a sample
path of fBmH has everywhere a local singularity exponenth
equal toH . Moreover, a multifractal spectrum of a process of
integrated values of fBmH(i):

fBmint
H (k) =

∑

i=0,...,k

fBmH(i)

is a point(Hint = 1 +H, 1), too. A signal of increments of
fBmH , called fractional Gaussian noise (fGnH),

fGnH(k) = fBmH(k + 1) − fBmH(k)

is asymptotically self-similar with the self-similar index H
what reveals the presence of long range correlations in fGnH .
Therefore the multifractal formalism estimates fGnH singular-
ities as(0, 1) independently ofH .

We will measure quality of multifractal tools — methods
WTMM and MDFA, by assessing the method representation
of a point spectrum, namely, by:

(a) the distance between the expected value and the value
at which the maximum of a multifractal spectrum is
attained,

(b) the width of the multifractal spectrum.

For better qualification of each method we also verify how
properties (a) and (b) are represented if multifractal analysis
is performed for integrated signals fBmintH and signals of
increments fGnH .

The direct estimates of features (a) and (b) experience
difficulties related to shapes of numerically found multifractal
spectra. Typically a multifractal spectrum has a parabola-
like shape what makes the identification of the spectrum
maximum not difficult. But it also happens that a spectrum

Fig. 2. An example of a multifractal shape received from numerical
estimates and explanations to the protocol to find maximum and width of
a monofractal signal. Large empty marks describe spectrum points received
when q ∈ [−3, 3], small crosses correspond to a spectrum found when
q ∈ [−5, 5]. Every second point is plotted to enhance the visibility of a
spectrum accumulation point.

looks like a parabola modified by some mirror and/or rotation
transformations, see Fig.2. In such a case determination of
the maximum is not obvious. Moreover it often occurs that
wings of a parabola are not symmetrical — one wing can be
enormously large. Then calculations of the width of a spectrum
needs a special effort.

In the case of self-similar signals we have a safe way to
overtake the listed problems. Due to the formula (4), the
following set of{hi}:

hi = ∆τ(qi)/∆q = [τ(qi + ∆q) − τ(qi)]/∆q (8)

whereqi = q0+i∆q and∆q > 0 is small enough, should have
a simple form — it should consist of values scattered around
H . Moreoverhi = H should have the highest count of all
values in the set{hi}. We will refer to hi with the highest
count as toa spectrum accumulation pointand denote ashacc.
We expect that in case of fBmH , fBmint

H and fGnH signals
we will receive only a single spectrum accumulation point and
its value will coincide with the maximum in a multifractal
spectrum. Thus,hacc = H for fBmH series,hacc = 1 + H
for fBmint

H , andhacc = 0 in case of fGnH are anticipated.
However, the set of{hi} can be estimated wrongly because

of the, so-called, linearization effect [16]. It appears that values
of spectrum accumulation points could depend on the interval
of q where a partition function is calculated. In the case of
monofractal signals one observes that if|q| is large then each
negative (q < 0) and positive (q > 0) part of τ(q) separately
can be fitted very accurately by a linear function. Then the
formula (8) leads to the two spectrum accumulation points
which are located at the limits of the spectrum rather than
at its maximum. The values of these accumulation points are
weakly depended on the expected value and they variate from
a sample to a sample, see [24] for details. But when|q|-interval
becomes narrow enough then the two limiting accumulation



408 PROCEEDINGS OF THE IMCSIT. VOLUME 4, 2009

points disappear, and a singlehacc emerges. It is said that
variability in the limit behavior ofτ(q) means that we are
outside theq-interval where the multifractal formalism is valid
[16].

A binomial cascade signal is known from its transparent
multifractal properties. It is constructed through the multiplica-
tive iterations characterized bym parameter, see [15], [18].
The scaling exponent functionτ(q) for q → ∞ should be
linear with the coefficient− ln(m)/ ln(2), and forq → −∞
should be linear with the coefficient− ln(1−m)/ ln(2). Hence
here, there are two spectrum accumulation points which cor-
respond to the two limiting linearities ofτ(q). It appears that
if q-interval is too narrow then in place of two accumulation
points we receive almost uniformly distributed{hi}s, see [24].

In summary, the set of{hi} can be helpful in determining
properties (a) and (b) only if q-interval is carefully chosen
because there are at least two sources of the spectrum ac-
cumulation points. The crucial one is related to the intrinsic
properties of a signal and it provides the characterizationto a
multifractal spectrum. The second source is the linearization
effect which is related to limits of the multifractal formalism.
The linearization effect is absent in case of multifractality of
the binomial cascade type but in case of self-similar signals
this effect is present. However by observing emergence and/or
disappearance of the spectrum accumulation points whenq-
interval is changed, the monofractality of fBmH type can be
clearly distinguished from the multifractality of the binomial
cascade type.

C. Protocol of practical estimates of monofractality

According to our experience many multifractal spectrum
shapes received numerically are systematic modifications of
a parabola-like shape. Therefore we believe that these shapes
are caused by numerics and are not related to any intrinsic
properties of a signal. Hence to get the indicies (a) and (b) we
propose the following protocol, see Fig. 2:

— if a shape is not a parabola-type, apply symmetric
conversions: reflection mainly, which transform the spectral
points into a concave curve

— to determine maximum, observe accumulation points that
survive the change ofq-interval, from |q| ≤ 5 to |q| ≤ 3.

— if a spectrum has a nonsymetric shape with one wing
larger than the other then (we say the spectrum has aR-
property) estimate the total spectrum width as the double
shorter wing.

III. M ULTIFRACTAL SPECTRA OF FBMH IN LF BAND

50 samples (consisting of 25000 points) for each process
fBmH with H = 0.1, 0.2, ..., 0.9 were prepared by tsfBm
packet [27]. The length of each sample is comparable to the
length of empirical series which represent five- to six-hours
of RR series.

For each sample the partition functionsZ(n, q) andF (n, q)
for direct signals,Zint(n, q) and F int(n, q) for integrated
signals, andZinc(n, q) and F inc(n, q) for increments, were
found forn ≥ 10 and |q| ≤ 5 with a step∆q = 0.1 (software

Fig. 3. Averages of the partition functions calculated by MDFA and WTMM
methods for 50 samples of fBm0.2 for q = −5,−4, . . . , 4, 5. In green,
standard deviation errors are plotted. Log-log plots to enhance visibility of
linearity of dependences.

packets of Physionet [28] were used). Then the corresponding
group averages were calculated. In Fig. 3 we show averages
of the partition functions received for fBm0.2 together with
standard deviation errors of these means. These results are
typical in the sense of numerical properties observed in all
other simulations. The particular value ofH = 0.2 is chosen
for presentation because it is known that this value is an
important characterization of heart rate signals.

From Fig. 3 it is evident that the partition functions are
dependent on a scale. Since numerical calculations (4) are
sensitive to details of curves, we evaluated subsequently local
slopes of all functions to observe changes in scalings. In
particular, we calculated linear fits for subsequent 20 points of
each partition function and slide with the starting point from
n = 20 to the end of series. This way we obtained a set of all
possible approximations. These local spectra are shown in Fig.
4. Curves labeledfine (red plots) display spectra received at
the start atn = 20, plots labeledlarge correspond to the last
possible spectra.

From Fig. 4 we see that multifractal spectra change rather
systematically when the window with scaling interval is mov-
ing from fine to large scales. In the case of MDFA method
the wide spectra of the fine scale converge to a limit — point-
like spectra, which is reached in the large scale. The WTMM
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Fig. 4. Multifractal spectra obtained when the linear fits are found in
a window of subsequent 20 points sliding by the corresponding partition
functions, |q| ≤ 5, every 5th point is plotted to enhance the visibility of
limit properties.

method hints at the opposite result rather. The spectra received
in a fine scale are a point-type (according to our protocol)
while the spectra in the large scale are wide.

In Fig. 5 we show the MDFA and WTMM spectra for
fBm0.2, fBmint

0.2 , and fBminc0.2 signals in the time scale fixed to
n = 10, ..., 30 what corresponds to the LF frequency band.
To observe emergence and disappearance of accumulation
points, the spectra are calculated in twoq-intervals: |q| ≤ 3
and |q| ≤ 5. We see that a singlehacc can be attributed to
each WTMM spectrum. Moreover WTMM spectra are rather
narrow. But MDFA spectra do not give an evident single
accumulation spectrum point for fBm0.2 and moreover they
provide the maximum of a spectrum at the wrong values.
Hence only the WTMM method works correctly in the LF
band.

The properties (a) and (b) for all groups of fBmH signals
are collected in Fig. 6 and can be summarized as follows
(see [23] for details): In the LF band the MDFA method finds
multifractal spectra of fBmH with H < 0.6 definitely different
from the expected results. The spectra are enormously wide
and the maxima are overestimated. When integrated signals
are considered then the maxima are underestimated. Properties
of samples of increments are completely wrong. Fortunately,

Fig. 5. WTMM and MDFA spectra calculated in LF band. Large empty marks
describe spectrum points received atq ∈ [−3, 3] small crosses correspond to
a spectrum found whenq ∈ [−5, 5]. Every third point is plotted to enhance
the visibility of spectrum accumulation points.

WTMM spectra received in the LF interval provide an ac-
ceptable picture of a point-like spectrum. Therefore only this
method can be used in our further calculations.

IV. M ULTIFRACTAL SPECTRA OFRR-INTERVALS

For the medical description of series used in our estimates
we refer to [9]. In [23] one can find statistical validation of
the data.

In Fig. 7 we show spectra in LF band provided by WTMM
for the group of healthy hearts (nsrgda) and hearts suffering
from left ventricle systolic dysfunction (lvsd). All spectra are
regular though all of them exhibitR property. In Table I we
collect values of indicies (a) and (b) calculated accordingto
the protocol described in Sec. IIC.
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Fig. 6. Maxima (dots) and widths (arms) of mean spectra obtained by
MDFA and WTMM estimators in LF band for fBmH series, integrated fBmH
and increments of fBmH . H = 0.1, 0.2 . . . , 0.9, q ∈ [−5, 5]. Dashed lines
correspond to theoretical values.

TABLE I
PROPERTIES(A) AND (B) OF WTMM SPECTRA RECEIVED FROMRR

SERIES.

series maximum width for |q| ≤ 3

nsr gda 0.25 0.28
int 1.00 0.14
inc 0.09 0.02

lvsd 0.37 0.40
int 1.14 0.36
inc 0.07 0.06

Fig. 7. Examples of series RR time intervals considered: normal sinus rhythm
(nsr gda) and RR-intervals from a heart suffering of left ventrical systolic
dysfunction (lvsd).

Comparing estimates of properties (a) and (b) received from
WTMM spectra of RR signals to those found for fBm signals
we see that none of the group of RR series: direct RR-signals,
integrated RR signals and increments of RR-signals, is not
of the fBm-type. The crucial disqualification is related to the
spectrum width. Only series of increments can be considered
as providing sufficiently narrow WTMM spectra. However if
they were of fBm0.1 type (what is indicated by the maximum
values) then the WTMM spectrum of direct RR signals should
be found withh > 1. But the WTMM spectra of RR-signals
are located far belowh = 1. Moreover, the difference between
maxima of direct series and integrated series is about0.75.
Hence these two signals are not related in the way which is
characteristic for the fBm signals.

Nevertheless the maximum and spectrum width can be used
to describe the WTMM spectra of heart rate in the LF band,
see Table I. It appears that there is a considerable difference
between the multifractal spectra of nsrgda and lvsd. The
maxima are separated by0.10 in case of direct signals and
by 0.14 when integrated signals are compared. The maxima
of lvsd spectra are moved to right when compared to nsrgda.
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Moreover, the spectra of healthy hearts are significantly nar-
rower than the spectra of lvsd.

The ordinary multifractal analysis refers to large scales [29],
[30], [31] where the discrepancy has been found between
healthy hearts and hearts with congestive heart failure. The
congestive heart failure is a really hard disease. In such a case
the dysfunction of the heart is easily seen by many other HRV
tools.

However the people suffering from lvsd could not even
know that their hearts are not working properly. The diseaseis
advancing what results in the permanent changes in the heart
muscle. Our earlier multifractal investigations, performed in
the traditional way, have provided the difference between lvsd
and nsrgda maxima in spectra equal to about 0.03 [21], [9],
hence negligible. Therefore our present result is promising,
especially for diagnosing purposes — it opens the possibility
to deal with a signal from a single patient only.

As it was mention earlier, because all spectra received are
rather wide then their origin is different from a simple fBmH .
Since the maximum of nsrgda spectrum is about1.00 one can
think that the origin could be related to the stochastic binomial
cascade [19].

V. CONCLUSION

Understanding of real world phenomena needs to incor-
porate the fact that observations on different scales each
carry essential information. LF spectra are the most important
spectra from a point of view of the short-range autonomic
control. To access these scales the multifractal tools haveto
be used with care. Our investigations have shown that the
WTMM method provides reliable estimates in LF band in
the case of fBm or binomial cascade -type signals. Passing
the multifractal analysis of RR-series to fine scales we have
gained a promising diagnostic tool. However our enthusiasm
has to be limited because of difficulties involved in numerical
estimates related to multifractal tools.
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