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Abstract—Probabilistic graphical models are tools that are
used to represent the probability distribution of a vector of
random variablesX = (X1, . . . , XN ). In this paper we introduce
functions f(x1, . . . , xN) defined over the given vector. These
functions also are random variables. The main result of the paper
is an algorithm for finding the expected value and other moments
for some classes off(x1, . . . , xN). The possible applications of
that algorithm are discussed. Specifically, we use it to analyze
the entropy of X and to compute the relative entropy of two
probability distributions of the same vector X . Finally, open
problems and possible topics of future researches are discussed.

I. I NTRODUCTION

PROBABILISTIC Graphical Models (PGM) are one of the
most popular tools for representing the probability distri-

bution of a vector of random variablesX = (X1, . . . , XN )
[13], [12] and references therein. While many PGMs are
known, this paper is concerned with Pairwise Markov Random
Fields (PMRF). The reason for this is that many other models
(for example Bayesian networks, factor graphs or non-pairwise
Markov random fields) can be easily transformed to PMRF
[15]. The choice of PMRFs makes our results more general.

This paper adds two main contributions. The first is to
introduce of a functionf(x1, . . . , xN ) of a random vectorX,
being again a random variable. The second is an algorithm for
computing moments of such functions together with possible
applications for it.

There are two reasons to consider the concept of functions
defined over PGMs. The first is a theoretical one: function
f(x1, . . . , xN ) can be very helpful in investigating the prop-
erties of a PGM. We present this approach in practice in
subsections V-A and V-B. In V-A we analyze the uncertainty
function of the random vectorX. In subsection V-B we refer
to the theory of models which are mixture of trees, see [10]
and references therein. We compute the cross entropy for two
different probability distributions of the same random vector
X. Firstly we compute it when the tree structure is same
for both distributions. Secondly we do it for the case when
both distributions relate to different trees. We believe that this
result will be interesting for researchers working in the field
of mixture of trees models.

The second reason for dealing with functions ofX is more
practical. One can think of such a function as providing new
information about the system which is described by the given
PGM. This information may be provided by either a human
expert or observation of the system. For example, if our
model describes some physical system, thenf(x1, . . . , xN )

may represent the radiation or heat emitted by it. Such an
approach brings new and interesting problems to solve, this
will be a topic for forthcoming papers. In subsection V-C we
suggest a way of usingf(x1, . . . , xN ) in decision making
theory. It should be noted that, at the time of writing this
paper we were not aware of the work which had been done
in the field of influence diagrams and related topics [1], [2],
[8], [11] and references therein. Our attention has been drawn
to these studies on reviewing an earlier draft of the present
paper. For example, in [1], [2] a utility function is defined in
a manner similar to our type I and II functions. However, we
propose a wider spectrum of applications for such functions, of
which decision making is just one possibility. We also decided
to leave subsection V-C untouched, because building bridges
between both theories may be an interesting direction of future
research. Subsection V-C may be a good starting point for this
work.

The paper is highly theoretical. But it provides concepts
that may have impact on practical applications of PGMs. For
instance, from practitioner’s point of view, one of the most
important questions is a question about the reliability of a
model that he/she is using. Even if this question has been
already addressed by many authors [6], [7], [9] the answer, in
our opinion, is still not satisfactory. In VI we put our results
in a context of this field and argue that the proposed approach
may improve existing solutions.

The rest of the paper is structured as follows. In the section
II we set up the preliminaries. In the third section we show
how f(x1, . . . , xN ) can be defined. The fourth section sets
out the algorithm for computing moments of some types of
function of a random vectorX. In the fifth section, we show
the possible applications of this algorithm. In particular, we
compute the entropy and analyze the uncertainty function. In
the subsection V-C, the decision making process under the
presence of a functionf(x1, . . . , xN ) is investigated. Finally,
in the last section some open problems are discussed.

II. PRELIMINARIES

A. The Model

We denote random variables by capital lettersX,Y, Z and
their values by lowercase lettersx, y, z.

For a given vector of random variablesX = (X1, . . . , XN )
we define the corresponding PMRF as an undirected graph
where nodes represent variables and edges represent pairwise
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potential functionsψij(xi, xj). We define the joint probability
distribution ofX as follows

P (x1, . . . , xN ) =
1

α
ψ(x1, . . . , xN ), (1)

whereψ(x1, . . . , xN ) is a product of local potentials, i.e.,

ψ(x1, . . . , xN ) =
∏

{i,j}∈E

ψij(xi, xj). (2)

With E a set of edges in the graph. A pair{i, j} belongs toE
if and only if nodes that representXi andXj are connected.
In (1), α is a normalization constant of the form

α =
∑

(x1,...,xN )

ψ(x1, . . . , xN ). (3)

The advantage of the PMRF representation is that it is easy
to incorporate new evidence into a model. If we observe the
value of a variableXi, for somei ∈ {1, . . . , N}, it is sufficient
to assume that theXi can only take one valuexi. This fact has
no impact on the discussion presented in this paper. Further
information about PMRFs and their transformation to other
models can be found in [15] and references therein.

The function f(x1, . . . , xN ) can be defined for PMRFs
having various topologies. However, current algorithm for
computing its moments is designed for singly connected
PMRF. If we choose some node to be a root, we can describe
a singly connected PMRF as a tree. In the reminder of the
paper the root will be denoted byX1. We are going now
to set up notational details related to the concept of a tree,
namely a subtree and the restriction of a potential to a subtree.
These concepts will be used in the forthcoming sections.T (i)
stands for a maximal subtree rooted in a nodeXi. This is a
subtree which contains all descendants of the nodeXi. If a
nodeXj belongs toT (i) we denote this fact byj ∈ T (i). By
X

(i) a vector of all variables contained inT (i) is denoted. A
particular realization ofX(i) is denoted byx(i). We will use
E(i) in the same context asT (i). One can see thatE ≡ E(1).
Let us assume thatXi hasM children. We indicate these
children byXj1 , . . . XjM

. T (j1)∪{i} denotes a subtree formed
by T (j1) andXi. T (j1) ∪ T (j2) ∪ {i} stands for a subtree
formed byT (j1), T (j2) andXi. We can extend this notation
to all children of theXi. One can then observe that

T (j1) ∪ · · · ∪ T (jM ) ∪ {i} ≡ T (i).

We will be using a restriction of the potential functionψ to a
given subtree. I.e., we define the two following quantities

ψT (i)(x
(i)) =

∏

{k,l}∈E(i)

ψkl(xk, xl), (4)

ψT (k)∪{i}(x
(k), xi) = ψT (k)(x

(k))ψik(xi, xk), (5)

wherek ∈ {j1, . . . , jM}. (4) and (5) directly imply

ψT (i)(x
(i)) =

jM
∏

k=j1

ψT (k)(x
(k))ψik(xi, xk).

We will use the abbreviationsψ(x(k)), ψ(x(k), xi) standing
for ψT (k)(x

(k)) andψT (k)∪{i}(x
(k), xi) respectively. This is

done simply to clarify the notation. Note that this is not correct
from the formal point of view, becauseψ without an index is
a function defined over the whole vectorX.

B. Belief Propagation

Now we are going to describe the Belief Propagation (BP)
and the Belief Revision (BR) algorithms in a case of a tree-
structured PMRF. There are two reasons for this. The first
is that we use results provided by BP. The second is that
algorithms that we are going to present are inspired by the
BP and BR. The detailed discussion of the BP and BR for
PMRFs can be found in [14], [15] from which the notation
has been borrowed. The algorithm is based on messages sent
between connected nodes. The message sent from a nodeXj

to a nodeXi is a vectormji of a length equal to the number
of possible values that can be taken by a variableXi. The
components of the vector have the following form

mji(xi) =
∑

xj

ψij(xi, xj)
∏

k∈N (j)\i

mkj(xj), (6)

whereN (j)\i is the neighborhood of theXj with the excep-
tion of the nodeXi. Note that in the case thatXj is a leaf
N (j)\i is an empty set and we put

∏

k∈N (j)\i mkj(xj) = 1.
Equation (6) is called the message update rule.

We start the message-sending process from the leaves and
send the information vectors towards the root. Then we send
the messages back from the root to the leaves. When every
leaf has received the message from its parent, the message-
sending process is accomplished. Now in every node compute
beliefs

b(xi) =
∏

j∈N (i)

mji(xi). (7)

After normalization, they give marginal probabilitiesP (Xi =
xi). For the connected nodesXi andXj we can also compute

bij(xi, xj) = ψij(xi, xj) ·
∏

k∈N (i)\j

mki(xi)
∏

l∈N (j)\i

mlj(xj).

The reader can see that, to compute the marginals we have
to go through the tree twice. On the other hand, if one only
wants to find the normalization constant we may terminate
the message-passing process in the root and the normalization
constant follows from

α =
∑

x1

∏

i∈N (1)

mi1(x1).

The complexity of the presented algorithm isO(N).
For one specific application, e.g., finding the relative en-

tropy of models with different graph structures, we will need
P (xi, xj) for nodes which are not connected. These marginals
can be also found at the price of an increase of the complexity.
If one wants to computeP (xi, xj) for all possible pairs{i, j},
the complexity becomesO(N3). In order to do this we regard
Xi andXj as observed nodes and for every possible values
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xi andxj we setXi = xi andXj = xj . We then compute the
new normalization constant denoted byα|xi,xj

and we have

P (xi, xj) =
α|xi,xj

α
.

The computations of moments will be conducted in the same
way as the normalization constant—from leaves to the root,
where we will be able to determine values of the computed
quantities.

Finally, we briefly describe the BR algorithm. This algo-
rithm is strongly related to BP and its output is an instantiation
(x1, . . . , xN ) of the highest probability. We deal with it in
exactly the same way as for the BP. The only difference is in
the construction of the message update rule. Instead rule from
(6) we use the following:

mji(xi) = max
xj

ψij(xi, xj)
∏

k∈N (j)\i

mkj(xj). (8)

The instantiation with the highest probability is denoted by
(x∗1, . . . , x

∗
N ) and revealed by the following beliefs

x∗i = arg max
xi

∏

j∈N (i)

mji(xi), i ∈ {1, . . . , N}. (9)

III. F UNCTIONS OF THEVECTORX

There are many possibilities for defining a function over the
vector X. In this paper we consider four types of functions
which can be factorized into local functions in the four
following ways

f(x1, . . . , xN ) =
∑

{i,j}∈E

fij(xi, xj),

f(x1, . . . , xN ) =

N
∑

i=1

fi(xi),

f(x1, . . . , xN ) =
∏

{i,j}∈E

fij(xi, xj),

f(x1, . . . , xN ) =
N
∏

i=1

fi(xi).

We call these functions type I, type II, type III and
type IV functions respectively. We usefT (i)(x

(i)) and
fT (k)∪{i}(x

(k), xi) in the same context asψT (i)(x
(i)) and

ψT (k)∪{i}(x
(k), xi).

As has been already mentioned, functionf(x1, . . . , xN )
defined over the vectorX also is a random variable. This
fact is denoted byf(X).

Let Y be a discrete random variable with a probability
distribution P (y). The kth moment ofY aboutq is defined
as follows

E[(Y − q)k] =
∑

y

P (y)(y − q)k. (10)

The concept of a moment is strongly related to the idea of
a random variable. The first moment about zero is called
an expected value ofY and it is simply denoted by E[Y ].

Moments about E[Y ] are called central moments ofY . Mo-
ments describe a probability distribution of a random variable.
Especially important are the expected value and the variance,
which is the second central moment. One of the objectives
of this paper is to construct an algorithm for computing the
moments of functions defined in the beginning of this section.
We only provide an algorithm for computing moments about
zero. The reason for this is that forq 6= 0 one can write (10)
in the following way

E[(Y − q)k] =

k
∑

l=0

(

k

l

)

(−1)k−lqk−lE[Y l].

Thus every moment about nonzeroq can be represented by
moments about zero. Formally speaking, we want to find

E[fk(X)] =
∑

(x1,...,xN)

P (x1, . . . , xN )fk(x1, . . . , xN ). (11)

We will use an abbreviation Efk for E[fk(X)] and if k = 1
we will simply write Ef .

These moments can be easily calculated for type III and
IV functions. It is sufficient to modify the potential and
compute a new normalization constant. Potentials are altered
by absorbing component functionsfij(xi, xj) (or fi(xi)) into
the local potentials, i.e.,

ψij(xi, xj) := fk
ij(xi, xj)ψij(xi, xj),

whenf is of the type III, and for the type IV we have

ψij(xi, xj) := fk
j (xj)ψij(xi, xj),

whereXi is a parent ofXj . In that case, a local function
f1(x1) is not taken into account. Thus a virtual nodeX0 with
one possible valuex0, is included into a model. The nodeX0

is a parent ofX1, hence it becomes a new root. We define a
local potential betweenX1 andX0 as

ψ01(x0, x1) = fk
1 (x1).

One can see that the value Efk is equal to a normalization
constant computed on a tree with modified potentials.

Type I and II functions require a different attitude than the
one demonstrated above. Here we present a technique which
can be applied for calculating an expected value in such a case.
In a next section an algorithm for finding out moments of a
higher order is introduced. Let us consider the type I function.
We putk = 1 in (11) and apply the definition of type I. Then,
(11) can be rewritten in a following way

Ef =
∑

(x1,...,xN )

P (x1, . . . , xN )[
∑

{i,j}∈E

fij(xi, xj)].

After reorganizing the sum we obtain a formula for Ef . That
is, we have

Ef =
∑

{i,j}∈E

∑

(x1,...,xN )

P (x1, . . . , xN )fij(xi, xj)

=
∑

{i,j}∈E

∑

xi,xj

P (xi, xj)fij(xi, xj) =
∑

{i,j}∈E

Efij .
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The probabilitiesP (xi, xj) are provided by the BP. In exactly
the same way we can show that for the functions of the type
II it holds that

Ef =
N

∑

i=1

Efi.

In subsection V-B we will see benefits of such an approach
in computing the relative entropy for PGMs with a different
graph structures. For a higher values ofK such a method be-
comes inefficient because it needs computing of joint marginal
distributions for nodes that are not connected in a graph. This
results in a rapid increase of a computational complexity.

IV. T HE ALGORITHM

Now we are going to describe an approach to computingK

first moments off(X), in a case of type I and II functions.
The general idea of the algorithm is that we travel through the
tree from the leaves towards the root. For everyXi that we
pass, with the exception of leaves, we compute the following

Λ
(k)
i =

∑

x(i)

ψ(x(i))fk(x(i)), 0 ≤ k ≤ K. (12)

The computedΛ(k)
i can be interpreted as a belief of the node

Xi. However, in contrast to BP, we compute the beliefs parallel
to the message-sending process. One can see that,Λ

(0)
i is

a normalization constant for the subtreeT (i) and Λ
(k)
i , for

k > 0, is an unnormalized version of Efk
T (i). The beliefs

are computed whenXi has received information from all its
children. Finally, we arrive to the root (which is denoted by
X1). We compute beliefs for the last time and then normalize
them. This gives us the final result

Efk =
Λ

(k)
1

Λ
(0)
1

,

whereΛ
(0)
1 is the normalization constant (we do not useα to

keep the notation consistent) and0 < k ≤ K.
Now, we have to answer the following questions: how to

construct information that is sent between nodes and how to
computeΛ

(k)
i out of this information? The information sent

fromXj to Xi is a matrix which containsK+1 rows and the
number of columns is equal to the number of possible values
of Xi. In such matrix thekth row corresponds toΛ(k)

i and
every column is assigned to a particularxi. The component
on the intersection of thekth row with the column corresponds
to thexi has the following form

Λ
(k)
T (j)∪{i}(xi) =

∑

x(j)

ψ(x(j), xi)f
k(x(j), xi). (13)

To computeΛ(k)
i we will need auxiliary quantities, defined as

follows

Λ
(k)
i (xi) =

∑

x(i)|xi

ψ(x(i))fk(x(i)). (14)

The notationx(i)|xi means, that we fixxi and sum only over
vectorsx

(i) with the fixedxi. It holds that

Λ
(k)
i =

∑

xi

Λ
(k)
i (xi). (15)

Λ
(k)
i (xi) will be used once more to construct the information

matrix which will be sent byXi to its parent.
After the above overview, we are going to present more

detailed description of the algorithm. However, full derivations
of formulas for the beliefs and message update rules will be
presented in the Appendix. The reason for this is that,Λ

(k)
i (xi)

and Λ
(k)
T (j)∪{i}(xi) have various forms for different types of

f(x1, . . . , xN ). Similarly to (15), let us define

Λ
(k)
T (j)∪{i} =

∑

xi

Λ
(k)
T (j)∪{i}(xi).

Moreover, Λ(k)
T (j)∪{i} is an unnormalizedEfk

T (j)∪{i}. This
observation tells us, that ifXj is a leaf we can simply
computeΛ(k)

T (j)∪{i}(xi). The computations depend on the type
of function f . For the type I it holds that

Λ
(k)
T (j)∪{i}(xi) =

∑

xj

ψij(xi, xj)f
k
ij(xi, xj).

The equation in the case of the type II is of the form

Λ
(k)
T (j)∪{i}(xi) =

∑

xj

ψij(xi, xj)[fj(xj) + fi(xi)]
k.

When Xj is not a leaf we need more complicated com-
putations. We useΛ(k)

j (xj) to find Λ
(k)
T (j)∪{i}(xi). Detailed

computations for both types are presented in the Appendix.
WhenXi has received informations from all its children,

it is a time to compute beliefs ofXi. We computeΛ(k)
i (xi)

for all xi and for 0 ≤ k ≤ K. If Xi has exactly one child,
then T (j) ∪ {i} ≡ T (i) and Λ

(k)
T (j)∪{i}(xi) = Λ

(k)
i (xi). If

it is not the case, then computing ofΛ
(k)
i (xi) becomes more

complicated. Firstly, we take treesT (j1)∪{i} andT (j2)∪{i}

and computeΛ(k)
T (j1)∪T (j2)∪{i}(xi) . Basing on this we add

T (j3)∪{i} and compute beliefs forT (j1)∪T (j2)∪T (j3)∪{j}
and so on untilT (j1) ∪ · · · ∪ T (jM ) ∪ {i} ≡ T (i). We call
this process a trees-merging. Computational details of trees-
merging and finding beliefs are provided in the Appendix.

The presented algorithm is designed for trees. Nevertheless,
it can be generalized to loopy-models. It is sufficient to
redefine a functionf(x1, . . . , xN ) over a junction tree [7]
constructed for the examined model. Firstly, a procedure for
types II and IV is described. Let us assume that a junction
tree is composed of cliquesC1, . . . , CW . A new function
g(x1, . . . , xN ) is defined. For every nodeXk and for every
clique Cw to which theXk belongs we assigngCw

(xk). The
function gCw

(xk) is equal tof(xk) for one clique (freely
chosen) and zero for other cliques (1 in the case of the type
IV functions). Then, to every cliqueCw, is assigned a clique
functiongCw

. The clique function is a sum (or a product iff
is of the type IV) of local functionsgCw

(xk), whereXk ∈ Cw.
Finally, the g(x1, . . . , xN ) is factorized into a sum (or a



TOMASZ IGNAC AND ULI SORGER: FUNCTIONS ON PROBABILISTIC GRAPHICAL MODELS 53

 0

 0.02

 0.04

 0.06

 0.08

 0.1

 0.12

 0.14

 0  5  10  15  20  25  30

Fig. 1. The distribution of the uncertainty for a chain-PMRFof length 20.

product) of clique functionsgCw
, wherew ∈ {1, . . . ,W}. The

same holds for types I and III functions. The only difference
is that instead ofgCw

(xk) a functiongCw
(xk, xl) appears. This

function is defined on every clique which contains bothXk

andXl. Finally, one can see that

g(x1, . . . , xN ) = f(x1, . . . , xN ).

The functiong(x1, . . . , xN ) is either of type II or type IV. It
is now an easy exercise to adapt a description of the algorithm
to junction tree formalism.

V. POSSIBLE APPLICATIONS

A. The Uncertainty Function

The uncertainty function of a vectorx = (x1, . . . , xN ) is
defined as

u(x1, . . . , xN ) = −log2P (x1, . . . , xN ).

An expected value of the uncertainty is the entropy of a
random vectorX, i.e,

H(X) = −
∑

(x1,...,xN)

P (x1, . . . , xN )log2P (x1, . . . , xN ).

(16)
We use a traditional notation H(X) instead of E[u(X)]. One
can prove that it is an average number of bits needed to give
the complete description of the variable. The discussion about
entropy and its properties the reader can find in [4].

If the PMRF is a tree one can compute the entropy ofX

very easily. It is sufficient to observe that after reorganizing
the sum in (16) we obtain

H(X) = log2α−
∑

(x1,...,xN )

P (x1, . . . , xN )log2ψ(x1, . . . , xN ).

The normalization constantα is provided by the BP. Moreover,
the definition of the potential functionψ(x1, . . . , xN ) and
elementary properties of a logarithm function imply directly
that

log2ψ(x1, . . . , xN ) =
∑

{i,j}∈E

log2ψij(xi, xj).
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Fig. 2. The distribution of the uncertainty for a Markov chain of length 20.

This shows that log2ψ(x1, . . . , xN ) is type I function. Thus
the problem of computing the entropy ofX is reduced to
finding an expected value of the type I function.

An analysis of a distribution of the uncertainty may be an
interesting way of investigating properties of graphical models.
This issue is next on our research agenda and it will be a
subject of a separate paper. Still, some preliminary results are
presented below.

Two types of PMRF topologies with binary nodes were
concerned. Namely, a chain and a tree topology. We set
ψij(xi, xj) to be a probabilityPij(xi|xj) where Xj is a
parent ofXi. These probabilities were taken randomly out
of the uniform distribution on the interval [0,1]. The entropy
and the standard deviation (denoted by D(u)) were computed.
Furthermore, we calculated two following parameters:

µ3 =
E[(u(X) − H(X))3]

(D(u))3
,

and

µ4 =
E[(u(X) − H(X))4]

(D(u))4
− 3.

The parameterµ3 shows a skewness of a distribution. Byµ4

we denoted a kurtosis which is a value describing flatness of
a distribution. In a case of a normal probability distribution
µ3 as well asµ4 is equal to zero.

Models from 10 up to 1000 nodes were analyzed. The
average results for a chain case are shown in Table I. There
is no significant difference in the case of a tree-structure.The
analysis ofµ3 reveals a strong asymmetry to the right. Such
results are caused by a very long right tail ofu. On the other
hand, a left tail does not exist. The difference between the
entropy and a minimum value ofu(x1, . . . , xN ) was always
smaller then the variance,(D(u))2. In our opinion, the kurtosis
is a very meaningful parameter. The approximated value -3 is
an unexpected and unintuitive result. It shows that a right tail
strongly affects parameters ofu. The reason to this is that
a tail absorbs almost all possible (more than99%) instances
(x1, . . . , xN ), though its probability is very small. Theµ3 and
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TABLE I
EXPERIMENTAL RESULTS FOR ACHAIN -PMRF

N H(X) (D(u))2 µ3 µ4 umin umax

10 7.42 4.44 8.75 -2.76 4.05 25.37

100 72.41 47.20 3.88 -2.99 27.02 42.16

250 180.38 119.36 3.56 -2.99 105.90 679.67

500 360.89 237.53 3.56 -3 211.67 1364.79

1000 721.14 476.15 3.49 -3 422.43 2728.38

µ4 shows that a shape of a density function ofu is far from a
Gauss curve. However, if we neglect a right tail the distribution
of u can be reasonably approximated by a normal distribution
in a region close to the entropy. This is shown in Figure 1
where results of a single experiment are presented. For a chain
of a length 20 the entropy and the standard deviation were
computed. The doted blue line shows a density function of a
N(H(X),D(u)). The red line stands for an exact distribution
of the uncertainty which was computed by taking into account
all 220 possible realizations of a vectorX.

Finally, a Markov chain with probabilities

p0 = P (Xk = 0|Xk−1 = 0),

and

p1 = P (Xk = 1|Xk−1 = 1),

was implemented. ProbabilitiesP (X0 = 0) andP (X0 = 1)
were set to 0.5. Results for a chain of length 100 are presented
in Table II. An interesting point is a high value ofµ3 when
both p0 and p1 are close to 0.5. On the other hand, the
distribution becomes symmetric when both probabilities are
large or both are small. Figure 2 presents results of the
experiment similar to the one presented in Figure 1. In this
casep0 was set to0.8 and p1 = 0.3. The plot of theu
distribution reveals strong irregularities close to the entropy.

It can be seen that the uncertainty in presented networks
is relatively high, the most probable instance(x1, . . . , xN )
has the probability equal to2−umin . However, while new
evidences are incorporated into a network the uncertainty
decreases. The analysis of this process and more complex
investigation of the uncertainty will be provided in a forth-
coming paper. In [5] an analysis of some properties of a
joint probability distribution over a vector of random variables
was done. However, the methodology was different from ours.
We believe that the investigation of the uncertainty function
proposed in the current paper would be a continuation of the
work presented in [5].

B. Relative Entropy

The relative entropy, known also as the Kullback-Leibler
(KL) distance, is a measure of compatibility between two
probability distributions of the same random variable. Some-
times it is considered as a distance between two distributions.
However, one should remember that it is not a real ”distance”
because KL distance is not symmetric and does not hold the

TABLE II
EXPERIMENTAL RESULTS FOR AMARKOV CHAIN OF LENGTH 100

p0 p1 H(X) (D(u))2 µ3 µ4 umin umax

0.55 0.55 99.3 2.05 112994 -2.94 86.4 115.1

0.6 0.3 93.9 17.73 321.27 -2.98 73 173

0.8 0.8 72.49 63.39 1.55 -3 32 230

0.9 0.9 47.44 89.57 0.17 -3 16.05 329

0.95 0.95 29.36 84.89 0.05 -3 8.53 428

triangle inequality. Once again, for more details we refer the
reader to [4].

Let us assume, that we have two probability distributions
P (x1, . . . , xN ) and Q(x1, . . . , xN ) defined over the same
random vectorX = (X1, . . . , XN ). We define the relative
entropy as follows

D(P,Q) =
∑

(x1,...,xN )

P (x1, . . . , xN )log2

P (x1, . . . , xN )

Q(x1, . . . , xN )
.

Before we go further let us extend the notation to the
case of a presence of two probability distributions. By
HP (X1, . . . , XN ) we denote the entropy computed for the
distributionP (x1, . . . , xN ). αQ stands for the normalization
constant under the distributionQ(x1, . . . , xN ). ψ(x1, . . . , xN )
andφ(x1, . . . , xN ) are potential functions forP (x1, . . . , xN )
andQ(x1, . . . , xN ) respectively.

If we apply basic properties of a logarithm function, def-
inition of the entropy, and a fact thatQ(x1, . . . , xN ) =
φ(x1,...,xN)

αQ
, we get

D(P,Q) = −HP (X1, . . . , XN ) + log2αQ

−
∑

(x1,...,xN )

P (x1, . . . , xN )log2φ(x1, . . . , xN ).

We know already how to compute HP (X1, . . . , XN) andαQ.
Finally, we notice that if the graph structure forP andQ is
the same it holds that

∑

(x1,...,xN )

P (x1, . . . , xN )log2φ(x1, . . . , xN )

is, as for the entropy, the expected value of the type I function.
The assumption thatP andQ share the same graph structure

may be too strong. For example, there has been made a lot
of research work in the field of mixture of trees models
[10]. In this case, we often deal with various tree structures
corresponding to the same vectorX. There is a different prob-
ability distribution assigned to every graph. In this situation
log2φ(x1, . . . , xN ) it is not anymore type I function on the
tree used for defining probability distributionP . Reasoning as
in the section III we see that
∑

x

P (x)log2φ(x) =
∑

{i,j}∈EQ

∑

xi,xj

P (xi, xj)log2φij(xi, xj).

EQ is an edge set of the tree which corresponds to the
distributionQ. MarginalsP (xi, xj) can be provided by BP
which is run on the tree assigned toP (see II-B). However,
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the price is the increase of the complexity. As has been
mentioned in II-B finding marginalsP (xi, xj) for all possible
pairsXi, Xj has the complexityO(N3). However, we need
only marginals of the pairs connected from the tree related to
the distributionQ. One can see that this tree hasN − 1 edges
hence we need to compute marginals only forN − 1 pairs.
Thus the complexity becomesO(N2).

C. Decision Making

By a decision making we understand actions that are taken
under a predicted outcome of an observation of the vectorX.
Thus we can interpretP (x1, . . . , xN ) as a probability of mak-
ing a right decision. If there is no functionf(x1, . . . , xN ) then
one usually chooses an instantiation of the highest probability.
However, the presence off may have significant impact on
our decision. If, for example,f(x1, . . . , xN ) is a gain in the
case of making a right decision, the choice of an instantiation
with the highest probability may be not the optimal one. In
this situation the paradigm of the maximization of an expected
gain becomes more natural to apply. This means, we choose
an instantiation(x∗1, . . . , x

∗
N ) that fulfils

arg max
(x1,...,xN )

P (x1, . . . , xN )f(x1, . . . , xN ).

The natural question is whether we can find an instantiation
which fulfils the above condition. It is a simple exercise to
show that for type III and IV functions BR algorithm can be
easily adapt for solving this task. It seems that types I and
II need completely different approach. As has been written in
the introduction, our approach needs to be carefully compared
to the work presented in [1], [2], [8], [11].

VI. CONCLUDING REMARKS AND A FUTURE WORK

We are aware that the paper is highly theoretical. It was
our intention to provide a toolbox that can be used later
on for solving problems rising from practical applications
of PGMs. We argue that the proposed view on PGMs may
bring a fresh look on some problems. A good example is the
uncertainty function introduced in V-A. A knowledge about its
distribution may play a crucial role in detecting perturbations
that affect a model. Perturbation is understood as a change of
a potential function caused by outer factors that alter a model.
The problem of the reliability and a revision of a model has
been already addressed by many authors [6], [7], [9]. There
are still some open problems to solve. For instance in [9]
Laskey suggests computingE[P (X(e))] (X(e) is a vector of
the observed variables—he evidence vector) and comparing
this value with real outcomes of a model. The goal is to
figure out whether a model is an adequate representation of the
system described by it. However, in the same place it is said
that E[P (X(e))] is computationally intractable for most of
the models used in practice. We suggest to use the uncertainty
function of the vectorX(e). If it is possible to marginalize
out the non-observed variables, it will be possible to compute
the entropy ofX(e) and higher moments ofu(X(e)). Such a
marginalization can be done for many medium-size networks
used in real-life applications. A good example is the ALARM

network [3]. If the marginalization is impossible we can
use the stochastic simulation to approximate moments. In a
similar way we will try to attack a problem of finding out (or
approximating) the surprise index (SI) defined in [6]. The SI
of a particular evidencex(e) is a probability of observing an
instantiation ofX(e) with the uncertainty higher thanu(x(e)).
The usefulness of SI is underestimated because it is believed
that finding out the SI is exponential in a size of theX

(e).
The problem of finding the SI leads us to another question—
reasoning with a functionfX. For instance, one might be
interested in a marginalP (xk|f(x) < c). An exact solution
of such a query seems to be difficult. However, we know that

P (xk|f(x) < c) = P (f(x) < c|xk)
P (xk)

P (f(x) < c)
.

In our future work we will develop methods for finding out
the probabilitiesP (f(x) < c|xk) and P (f(x) < c). In our
opinion, there is a possibility to adapt BP to find out such
probabilities.

We believe that the reader has been convinced to the use-
fulness of our method for investigating theoretical properties
of PGMs as well as for solving problems related to the real-
life usage of them. We intend to continue our work in all
mentioned directions. The first on our research agenda is an
analysis of the uncertainty and its applications for a conflict
detection in PGMs.

APPENDIX

1) Type I: As far asT (j) is considered, let us assume that
we know Λ

(k)
j (xj) for all possiblexj and for all k ≤ K.

Firstly, we consider the message update rule defined by (13).
From the definition of type I follows that, we can rewrite (13)
in the following way

Λ
(k)
T (j)∪{i}(xi) =

∑

x(j)

ψ(x(j))ψij(xi, xj)

× [f(x(j)) + fij(xi, xj)]
k.

We reorganize the sum and see that

Λ
(k)
T (j)∪{i}(xi) =

∑

xj

∑

x(j)|xj

ψ(x(j))ψij(xi, xj)

× [

k
∑

l=0

(

k

l

)

f l(x(j))fk−l
ij (xi, xj)].

Finally, we obtain

Λ
(k)
T (j)∪{i}(xi) =

∑

xj

ψij(xi, xj)

× [

k
∑

l=0

(

k

l

)

Λ
(l)
j (xj)f

k−l
ij (xi, xj)].

We are going to simplify the notation in order to show the
merging procedure. The reason for this is the fact that our
standard notation may increase the complexity of the presented
formulas beyond the acceptance of most of the readers. Let
us assume that we have two treesT1 and T2 joined in the
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common rootXr. For example,T (j1) ∪ {i} andT (j2) ∪ {i}
join in theXi. The junction of those two trees is denoted by
Tr (In our example,Tr ≡ T (j1)∪T (j2)∪{i}). SymbolsX(1),
X

(2), andX
(r) relate toT1, T2, andTr respectively. Please

note that the only common component ofX
(1) and X

(2) is
Xr (Xi in the example). As has been already mentioned, we
know two following quantities

Λ
(k)
h (xr) =

∑

x(h)|xr

ψ(x(h))fk(x(h)), h ∈ {1, 2}. (17)

We want to find

Λ(k)
r (xr) =

∑

x(r)|xr

ψ(x(r))fk(x(r)).

The idea is the same as for the message update rule. We
transform the above equation using the definition of the type
I and elementary operations on the sums. I.e.,

Λ(k)
r (xr) =

∑

x(r)|xr

ψ(x(r))fk(x(r))

=
∑

x(1)|xr

∑

x(2)|xr

ψ(x(1))ψ(x(2))

× [f(x(1)) + f(x(2))]k

=
∑

x(1)|xr

∑

x(2)|xr

ψ(x(1))ψ(x(2))

× [

k
∑

l=0

(

k

l

)

f l(x(1))fk−l(x(2))]

=
∑

x(1)|xr

ψ(x(1))[
k

∑

l=0

(

k

l

)

f l(x(1))Λ
(k−l)
2 (xr)]

=

k
∑

l=0

(

k

l

)

Λ
(l)
1 (xr)Λ

(k−l)
2 (xr).

In the last line we see a formula which describesΛ
(k)
r (xr) in

the known terms of (17).

2) Type II: The approach to the type II is very similar
to the type I. So, the computations can be provided without
additional comments. The message update rule is given by the
following formula

Λ
(k)
T (j)∪{i}(xi) =

∑

x(j)

ψ(x(j), xi)f
k(x(j), xi)

=
∑

xj

∑

x(j)|xj

ψ(x(j))ψij(xi, xj)

× [

k
∑

l=0

(

k

l

)

f l(x(j))fk−l
i (xi)]

=
∑

xj

ψij(xi, xj)[

k
∑

l=0

(

k

l

)

Λ
(l)
j (xj)f

k−l
i (xi)].

The merging follows from

Λ(k)
r (xr) =

∑

x(r)|xr

ψ(x(r))fk(x(r))

=
∑

x(1)|xr

∑

x(2)|xr

ψ(x(1))ψ(x(2))

× [f(x(1)) + f(x(2)) − fr(xr)]
k

=
∑

x(1)|xr

∑

x(2)|xr

ψ(x(1))ψ(x(2))

× [
∑

l1+l2+l3=k

(

k

l1, l2, l3

)

(−fr(xr))
l3

× f l1(x(1))f l2(x(2))].

Finally, the above gives us the final formula:
∑

l1+l2+l3=k

(

k

l1, l2, l3

)

(−fr(xr))
l3Λ

(l1)
1 (xr)Λ

(l2)
2 (xr).
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