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Abstract—Probabilistic graphical models are tools that are may represent the radiation or heat emitted by it. Such an
used to represent the probability distribution of a vector d  approach brings new and interesting problems to solve, this
random variables X' = (X1,. .., Xx). In this paper we introduce i he g topic for forthcoming papers. In subsection V-C we

functions f(z1,...,zn~) defined over the given vector. These t f usi in decisi i
functions also are random variables. The main result of the pper suggest a way of using (a1, ...,zx) in decision making

is an algorithm for finding the expected value and other momets  theory. It should be noted that, at the time of writing this
for some classes off(z1,...,z~). The possible applications of paper we were not aware of the work which had been done
that algorithm are discussed. Specifically, we use it to angte in the field of influence diagrams and related topics [1], [2],
the entropy of X' and to compute the relative entropy of tWo g1 111] and references therein. Our attention has beewrlra
probability distributions of the same vector X. Finally, open to these studies on reviewing an earlier draft of the present
problems and possible topics of future researches are disssed. . o o i >
paper. For example, in [1], [2] a utility function is defined i
|. INTRODUCTION a manner similar to our type | and Il functions. However, we
ROBABILISTIC Graphical Models (PGM) are one of thepropose a wider spectrum of applications for such functiohs
most popular tools for representing the probability distriwhich decision making is just one possibility. We also dedid
bution of a vector of random variableX = (X;,...,Xy) to leave subsection V-C untouched, because building bsidge
[13], [12] and references therein. While many PGMs argetween both theories may be an interesting direction oféut
known, this paper is concerned with Pairwise Markov Randorasearch. Subsection V-C may be a good starting point fer thi
Fields (PMRF). The reason for this is that many other modekork.
(for example Bayesian networks, factor graphs or non-ps@w The paper is highly theoretical. But it provides concepts
Markov random fields) can be easily transformed to PMRiRat may have impact on practical applications of PGMs. For
[15]. The choice of PMRFs makes our results more generahstance, from practitioner’s point of view, one of the most

This paper adds two main contributions. The first is tonportant questions is a question about the reliability of a
introduce of a functiory' (z1,...,zx) of a random vectoXX, model that he/she is using. Even if this question has been
being again a random variable. The second is an algorithm &dready addressed by many authors [6], [7], [9] the answer, i
computing moments of such functions together with possibdeir opinion, is still not satisfactory. In VI we put our retul
applications for it. in a context of this field and argue that the proposed approach

There are two reasons to consider the concept of functiomgy improve existing solutions.
defined over PGMs. The first is a theoretical one: function The rest of the paper is structured as follows. In the section
f(x1,...,2n) can be very helpful in investigating the propdl we set up the preliminaries. In the third section we show
erties of a PGM. We present this approach in practice fiow f(zq,...,2x) can be defined. The fourth section sets
subsections V-A and V-B. In V-A we analyze the uncertaintyut the algorithm for computing moments of some types of
function of the random vectaKX. In subsection V-B we refer function of a random vectaX . In the fifth section, we show
to the theory of models which are mixture of trees, see [1fe possible applications of this algorithm. In particulae
and references therein. We compute the cross entropy for ta@mpute the entropy and analyze the uncertainty function. |
different probability distributions of the same randomteec the subsection V-C, the decision making process under the
X. Firstly we compute it when the tree structure is samgresence of a functioffi(x1,...,zy) is investigated. Finally,
for both distributions. Secondly we do it for the case whein the last section some open problems are discussed.
both distributions relate to different trees. We believat tifnis
result will be interesting for researchers working in thedfie [l. PRELIMINARIES
of mixture of trees models.

The second reason for dealing with functionsXfis more A. The Model
practical. One can think of such a function as providing new We denote random variables by capital lettérsY, Z and
information about the system which is described by the givéneir values by lowercase lettetsy, z.

PGM. This information may be provided by either a human For a given vector of random variabléé = (X;,..., Xy)
expert or observation of the system. For example, if owe define the corresponding PMRF as an undirected graph
model describes some physical system, ttfém,...,zx) Wwhere nodes represent variables and edges representggairwi
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potential functions);; (x;, z;). We define the joint probability We will use the abbreviationg(z*)), ¢(z*), z;) standing

distribution of X as follows for ¢y (™)) and hr Ly (®*), 2;) respectively. This is
done simply to clarify the notation. Note that this is notreat
P(zy,...,zn) = alﬁ(l’h TN, (1)  from the formal point of view, becausg without an index is
_ ) . a function defined over the whole vectat.
wherevy(z1,...,zy) is a product of local potentials, i.e.,
B. Belief Propagation
V(@) = {igeg Wiy (@i, ) ) Now we are going to describe the Belief Propagation (BP)

and the Belief Revision (BR) algorithms in a case of a tree-
With £ a set of edges in the graph. A pdit, j} belongs to  structured PMRF. There are two reasons for this. The first
if and only if nodes that represeif; and X; are connected. is that we use results provided by BP. The second is that

In (1), « is @ normalization constant of the form algorithms that we are going to present are inspired by the
BP and BR. The detailed discussion of the BP and BR for
a= Z (1, TN). (3)  PMRFs can be found in [14], [15] from which the notation
(@1, 7N) has been borrowed. The algorithm is based on messages sent

The advantage of the PMRF representation is that it is edgtween connected nodes. The message sent from aXipde
to incorporate new evidence into a model. If we observe tfi@ & nodeX; is a vectorm;; of a length equal to the number

value of a variableX;, for somei € {1,..., N}, itis sufficient ©Of possible values that can be taken by a variakle The
to assume that th&, can only take one value;. This fact has components of the vector have the following form

no impact on the discussion presented in this paper. Further B

information about PMRFs and their transformation to other Zd}” Tis T H Mk L (6)

models can be found in [15] and references therein. REN G

The function f(x1,...,zy) can be defined for PMRFswhereN (j)\i is the neighborhood of th&’; with the excep-
having various topologies. However, current algorithm fdion of the nodeX;. Note that in the case that; is a leaf
computing its moments is designed for singly connected(j)\: is an empty set and we PUTs e nrjyi ks (25) = 1.
PMRF. If we choose some node to be a root, we can describguation (6) is called the message update rule.

a singly connected PMRF as a tree. In the reminder of theWe start the message-sending process from the leaves and
paper the root will be denoted h¥;. We are going now send the information vectors towards the root. Then we send
to set up notational details related to the concept of a tréabe messages back from the root to the leaves. When every
namely a subtree and the restriction of a potential to a eabtrleaf has received the message from its parent, the message-
These concepts will be used in the forthcoming secti@rig) sending process is accomplished. Now in every node compute
stands for a maximal subtree rooted in a node This is a beliefs

subtree which contains all descendants of the n&delf a b(z;) = H mji(x;)- (7
nodeX; belongs to7 (i) we denote this fact by € 7 (¢). By JEN(3)

X () a vector of all variables contained iA(i) is denoted. A
particular realization ofX (¥ is denoted byz(". We will use
£(i) in the same context & (). One can see that = £(1).
Let us assume thak,; has M children. We indicate these o N = ah (s )

childrenbyX;,,... X;,,. 7 (j1)U{i} denotes a subtree formedb i 25) = i (@ 23) H k() H g ().
by 7 (j1) and X;. 7(j1) U7 (j2) U {i} stands for a subtree
formed by7 (j1), 7 (j2) and X;. We can extend this notation 1ne reader can see that, to compute the marginals we have

After normalization, they give marginal probabilitié¥ X; =
x;). For the connected nodé§; and.X; we can also compute

keN(i)\j LEN (N

to all children of theX;. One can then observe that to go through the tree twice. On the other hand, if one only
wants to find the normalization constant we may terminate
T(G)U---UT(Ga) U{i} =T(). the message-passing process in the root and the normatizati

. . - . . constant follows from
We will be using a restriction of the potential functignto a

given subtree. l.e., we define the two following quantities a=>"[] mala).
. z1 i€N(1)
o@D = [ vwler,w), 4) _ :
(el}ee (i) The complexity of the presented algorithm(g V).

For one specific application, e.g., finding the relative en-
Yramugn (@®,2) = ¥ (@®) (s, 2),  (5)  tropy of models with different graph structures, we will dee
) ) . . P(z;,z;) for nodes which are not connected. These marginals
wherek € {j1,...,jm}- (4) and (5) directly imply can be also found at the price of an increase of the complexity
Jar If one wants to comput&(z;, x;) for all possible pairgi, j},
Vr( H Yoy (@ F) )i (27, 1) the complexity become®(NN?). In order to do this we regard
k—jx X; and X; as observed nodes and for every possible values
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z; andz; we setX; = z; andX; = z;. We then compute the Moments about || are called central moments &f. Mo-
new normalization constant denoted by, .. and we have ments describe a probability distribution of a random \zga
Especially important are the expected value and the vagianc
which is the second central moment. One of the objectives
of this paper is to construct an algorithm for computing the
The computations of moments will be conducted in the samgoments of functions defined in the beginning of this section
way as the normalization constant—from leaves to the I’O(\We 0n|y provide an a|g0rithm for Computing moments about

where we will be able to determine values of the computg@ro. The reason for this is that fer£ 0 one can write (10)

quantities. in the following way
Finally, we briefly describe the BR algorithm. This algo-

rithm is strongly related to BP and its output is an instdittia Nk k k=l k1 !
(¢1,...,2y) Of the highest probability. We deal with it in El(Y —9)7] = ; ) VTR

exactly the same way as for the BP. The only difference is in -

the construction of the message update rule. Instead e fr1hUS every moment about nonzejocan be represented by

Al ,a;

P(I’i,l’j): o

(6) we use the following: moments about zero. Formally speaking, we want to find
myi(zi) = maxij (i, ¥5) H my;(x;). (8) E[f*(X)] = Z P(zy,...,oN)fF (@1, .. 2n). (12)
I keEN ()\i (1,0 TN)
The instantiation with the highest probability is denoted bWe will use an abbreviation £ for E[f*(X)] and if k = 1
(z%,...,2%) and revealed by the following beliefs we will simply write Ef.

. _ These moments can be easily calculated for type Ill and
T; = arg max [T mys(@), i€{1,...,N}. (9 v functions. It is sufficient to modify the potential and

JEN (@) compute a new normalization constant. Potentials areealter
IIl. FUNCTIONS OF THEVECTORX by absorbing component functiofs; (z;, z;) (or fi(x:)) into
There are many possibilities for defining a function over thté1e local potentials, i.e.,
veqtorX. In this paper we_consider four types pf functions Vi (i, 25) 1= Z!}(xivxj)wij (zi,25),
which can be factorized into local functions in the four )
following ways when f is of the type Ill, and for the type IV we have
. rk
fan.an) = Y fylan), Vigl@ineg) = (@) i 2j),
{i.j}e€ where X; is a parent ofX;. In that case, a local function
N f1(z1) is not taken into account. Thus a virtual nodg with
flwy,...,oN) = Z fi(zy), one possible value, is included into a model. The nodég,
i=1 is a parent ofX, hence it becomes a new root. We define a
local potential betweelX; and X, as
fy.an)= [ filzia), .
{i.j}e€ Yo1(zo, 1) = f1'(21).
N One can see that the valuefEis equal to a normalization
far, . an) =[] filw)- constant computed on a tree with modified potentials.
=1 Type | and Il functions require a different attitude than the
We call these functions type I, type II, type Il andone demonstrated above. Here we present a technique which

type IV functions respectively. We uségr(; () and can be applied for calculating an expected value in suche cas
frayory (@™, 2;) in the same context agr(;)(z(?) and In a next section an algorithm for finding out moments of a
wT(k)U{i}(m(k),:ri). higher order is introduced. Let us consider the type | fuorcti
As has been already mentioned, functigf,,...,zy) We putk =1 in (11) and apply the definition of type I. Then,
defined over the vectoX also is a random variable. This(11) can be rewritten in a following way
fact is denoted byf (X).
Let Y be a diséret)e random variable with a probability Ef = Z Pz, .., an)l Z fig (@i ;)]

distribution P(y). The k" moment of Y aboutq is defined (@1,-2n) ligyes
as follows After reorganizing the sum we obtain a formula fof.EThat
, is, we have
E[(Y —¢)*] =) P)(y—a)* (10)
Y Ef = Z Z P(zy,...,on) fij (@i, 25)
The concept of a moment is strongly related to the idea of {i.7}€€ (21,mn)
a random variable. The first moment about zero is called = " > P(aj,a;)fij(wi ;) = Y Efij.

an expected value oY and it is simply denoted by [E]. {i,j}€E wi.x; {ijye€
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The probabilitiesP(z;, z;) are provided by the BP. In exactly The notationz (¥ |z; means, that we fix;; and sum only over
the same way we can show that for the functions of the typectorsz(?) with the fixedz;. It holds that

Il it holds that AP =5 AP (). (15)

N
Ef =) Ef.
=1 Al(-k)(xi) will be used once more to construct the information

In subsection V-B we will see benefits of such an approa#hatrix which will be sent byX; to its parent.
in computing the relative entropy for PGMs with a different After the above overview, we are going to present more
graph structures. For a higher valuesfofsuch a method be- detailed description of the algorithm. However, full detions
comes inefficient because it needs computing of joint matgirPf formulas for the beliefs and message update rules will be
distributions for nodes that are not connected in a graprs Tipresented in the Appendix. The reason for this is thelt) ()
results in a rapid increase of a computational complexity. and Aﬁf()j)u{i} (x;) have various forms for different types of
flx1,...,zn). Similarly to (15), let us define
IV. THE ALGORITHM k k
. . Aot = 22 ATl (@)-
Now we are going to describe an approach to compuling z;
first moments off(X), in a case of type | and Il functions.
The general idea of the algorithm is that we travel through t
tree from the leaves towards the root. For evéfythat we
pass, with the exception of leaves, we compute the followi

rI]\/Ioreover, A(Tk)j)w is an unnormalizedEféi(j)u{i}. This
observation tells us, that ifX; is a leaf we can simply
mputeA(Tk)j)u{i}(xi). The computations depend on the type
of function f. For the type | it holds that
(k) _ i £k (.00
AV =) ) fE), 0<k<K. (12) Aﬁfk()j)u{i}(mi) = hij (@i, @) fE (i, 25).

2@ z,

The computed\") can be interpreted as a belief of the nod&he equation in the case of the type Il is of the form
X,. However, in contrast to BP, we compute the beliefs parallel (k) . k

to the message-sending process. One can see Afi4t,is Tu ) = 27/%; (s, 2)lfss) + fila)]

a normalization constant for the subtr@di) and Al(.k , for . .

k > 0, is an unnormalized version of f& .. The beliefs Wher.1 Xj 1s not a(llc()eaf we n.eed r(r;())re compllcated. com-
are computed wheiX; has received information from all its Putations. We use\;™(z;) to find AT(j)U{é} (z;). Detailed
children. Finally, we arrive to the root (which is denoted bomputations for both types are presented in the Appendix.
X1). We compute beliefs for the last time and then normalize When X; has received informations from all its children,

T

them. This gives us the final result it is a time to compute beliefs ok;. We computeAl(.k) (zi.)
for all z; and for0 < k < K. If X; has exactly one child,
£ft AW .th-en T(j) U {i} = T(i) and A%U{ii(zi) = AB)(z). If
A®” it is not the case, then computing af") (x;) becomes more
complicated. Firstly, we take tre@¥(j;)U{i} and7 (j2)U{i}
whereAgo) is the normalization constant (we do not uséo and computeA(Tk()jl)UT(jz)U{i}(xi) . Basing on this we add
keep the notation consistent) afick k¥ < K. 7 (j3)U{i} and compute beliefs fdf (j1)U7 (j2)UT (j3)U{j}

Now, we have to answer the following questions: how tand so on untilZ (j1) U--- U7 (jam) U {i} = 7 (¢). We call
construct information that is sent between nodes and howtlids process a trees-merging. Computational details @fstre
computeAEk) out of this information? The information sentmerging and finding beliefs are provided in the Appendix.
from X; to X; is a matrix which containg +1 rows and the ~ The presented algorithm is designed for trees. Nevertheles
number of columns is equal to the number of possible valugscan be generalized to loopy-models. It is sufficient to
of X;. In such matrix thek*” row corresponds td\gk) and redefine a functionf(zi,...,2x) over a junction tree [7]
every column is assigned to a particular The component constructed for the examined model. Firstly, a procedure fo
on the intersection of the*” row with the column correspondstypes Il and IV is described. Let us assume that a junction

to thex; has the following form tree is composed of clique§;,...,Cw. A new function
‘ ‘ g(z1,...,2n) is defined. For every nod&;, and for every

A(Tk()j)u{i}(xi) = Zw(iv(”,xi)fk(iv(”,xi)- (13) clique C,, to which the X, belongs we assigpc, (z). The

x () function gc,, (zx) is equal to f(zy) for one clique (freely

) _ N N ] chosen) and zero for other cliques (1 in the case of the type
To computeA;™ we will need auxiliary quantities, defined agy functions). Then, to every cliqué,,, is assigned a clique
follows function g¢, . The clique function is a sum (or a productfif
AP () = 37 (@) D). (14) s of the type IV) of local functiongc,, (), whereXy € C,.
() |a; Finally, the g(z1,...,zy) is factorized into a sum (or a
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Fig. 1. The distribution of the uncertainty for a chain-PMBFlength 20. Fig. 2. The distribution of the uncertainty for a Markov ahaif length 20.

product) of clique functiongc, , wherew € {1,...,W}. The This shows that log)(z1,...,zx) is type | function. Thus
same holds for types I and Il functions. The Only diﬁ:erencme prob|em of Computing the entropy o€ is reduced to

is that instead ofic,, (zx) a functionge,, (zx, z:) appears. This finding an expected value of the type I function.

function is defined on every clique which contains bdfh  An analysis of a distribution of the uncertainty may be an
and X;. Finally, one can see that interesting way of investigating properties of graphicaidels.

g(z1,...,on) = fla1,...,zN). This issue is next on our research agenda and it will be a
) o subject of a separate paper. Still, some preliminary resuk
The functiong(z1, ..., zy) is either of type Il or type IV. It presented below.
is now an easy exercise to adapt a description of the algorith Tyo types of PMRF topologies with binary nodes were
to junction tree formalism. concerned. Namely, a chain and a tree topology. We set
V. POSSIBLE APPLICATIONS Yij(xi,x;) to be a probability P;(z;|x;) where X; is a

parent of X;. These probabilities were taken randomly out

A. The Uncertainty Function . oo .
Y of the uniform distribution on the interval [0,1]. The erro

The uncertainty function of a vectar = (z1,...,25) IS 4p4 the standard deviation (denoted biul) were computed.

defined as Furthermore, we calculated two following parameters:
u(zy,...,zy) = —log,P(z1,...,2N). E[(u(X) — H(X))?]
An expected value of the uncertainty is the entropy of a B (D(uw))? ’
random vectorX, i.e, and
E[(u(X) — H(X))*
H(X):— Z P(:cl,...,xN)IogQP(xl,...,xN). Ha = [( ( ([))(u))‘l( )) ] — 3.
(z1,..., TN)

(16) The parametey; shows a skewness of a distribution. By

We use a traditional notation (&) instead of Eu(X)]. One we denoted a kurtosis which is a value describing flatness of
can prove that it is an average number of bits needed to giy&listribution. In a case of a normal probability distrilouti
the complete description of the variable. The discussiauab ,; as well asu4 is equal to zero.
entropy and its properties the reader can find in [4]. Models from 10 up to 1000 nodes were analyzed. The

If the PMRF is a tree one can compute the entropyXof average results for a chain case are shown in Table I. There
very easily. It is sufficient to observe that after reorgangz is no significant difference in the case of a tree-structiine
the sum in (16) we obtain analysis ofuz reveals a strong asymmetry to the right. Such

results are caused by a very long right tail.ofOn the other
H(X) = log,a Z Pl en)logy (@, ..., zn). hand, a left tail der not e};ist. gThg difference between the
entropy and a minimum value of(z,...,xy) was always
»smaller then the variancé(u))?. In our opinion, the kurtosis
is a very meaningful parameter. The approximated value -3 is
an unexpected and unintuitive result. It shows that a rigiht t
strongly affects parameters af The reason to this is that
log,t(z1,...,aN) = Z logytij (x4, z5). a tail absorbs almost all possible (more tH#5%) instances
{ijye€ (x1,-..,xN), though its probability is very small. The; and

($17""J;N)
The normalization constantis provided by the BP. Moreover
the definition of the potential functiom(z1,...,zy) and
elementary properties of a logarithm function imply dihgct
that
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TABLE | TABLE Il
EXPERIMENTAL RESULTS FOR ACHAIN-PMRF EXPERIMENTAL RESULTS FOR AMARKOV CHAIN OF LENGTH 100
N [HX) | 0w)? | ps | pa | wmin | tmae po | p1 [H) [ O@)? | ps [ pa [ tmin | umas
10 7.42 4.44 8.75 | -2.76 4.05 25.37 0.55 | 0.55 99.3 2.05 112994 | -2.94 86.4 115.1
100 72.41 47.20 3.88 | -2.99 27.02 42.16 0.6 0.3 93.9 17.73 321.27 | -2.98 73 173
250 | 180.38 | 119.36 | 3.56 | -2.99 | 105.90 | 679.67 0.8 0.8 72.49 63.39 1.55 -3 32 230
500 | 360.89 | 237.53 | 3.56 -3 211.67 | 1364.79 0.9 0.9 47.44 89.57 0.17 -3 16.05 329
1000 | 721.14 | 476.15 3.49 -3 422.43 | 2728.38 0.95| 0.95| 29.36 84.89 0.05 -3 8.53 428

14 shows that a shape of a density functionudf far from a triangle inequality. Once again, for more details we refer t
Gauss curve. However, if we neglect a right tail the distidou reader to [4].
of u can be reasonably approximated by a normal distributionLet us assume, that we have two probability distributions
in a region close to the entropy. This is shown in Figure B(z1,...,2x) and Q(x1,...,zy) defined over the same
where results of a single experiment are presented. Foria ch@ndom vectorX = (Xi,...,Xy). We define the relative
of a length 20 the entropy and the standard deviation weggtropy as follows
computed. The doted blue line shows a density function of a Play, ..
N(H(X),D(u)). The red line stands for an exact distribution D(P,Q)= Y P(a1,.. .,xN)Ioggﬁ.
of the uncertainty which was computed by taking into account (1,0 N) T IN
all 2° possible realizations of a vectdt. Before we go further let us extend the notation to the
Finally, a Markov chain with probabilities case of a presence of two probability distributions. By
Hp(X;,...,Xn) we denote the entropy computed for the
po = P(Xy = 01Xx— = 0), dist(ribution P(xl), ...,TN). ag stands for the normalization
and constant under the distributid(z1, ..., zn). ¥(z1,...,2N)
. . . and¢(z1,...,zy) are potential functions foP(x1,...,zN)
pr = P(Xp = 1]Xp1 =1), and Q((ml, ..., TN respectively. (
was implemented. ProbabilitieB(X, = 0) and P(X, = 1) If we apply basic properties of a logarithm function, def-
were set to 0.5. Results for a chain of length 100 are pregent@ition of the entropy, and a fact tha@(z1,...,zn) =
in Table Il. An interesting point is a high value @f when (IIT.:CN) we get
both p, and p; are close to 0.5. On the other hand, the
distribution becomes symmetric when both probabilities ar D(P,Q) = —Hp(Xi,..., Xy) +10G,00
large or both are small. Figure 2 presents results of the - Z P(z1,...,o5)l0gy¢(71, ..., 2N).
experiment similar to the one presented in Figure 1. In this (T1,05TN)

casepy was set t00.8 and p; = 0.3. The plot of theu We know already how to compute/HX7, ..., Xx) andag.

distribution reveals strong irregularities close to thér@py. Finally, we notice that if the graph structure fé and Q is
It can be seen that the uncertainty in presented netwokks, same it holds that

is relatively high, the most probable instange,...,zy)
has the probability equal t@ “mi». However, while new > Pla,...,an)l0gé(xr, ... oN)
evidences are incorporated into a network the uncertainty (w1, 2N)

decreases. The analysis of this process and more complexs for the entropy, the expected value of the type | foncti
investigation of the uncertainty will be provided in a forth ¢ assumption tha? and( share the same graph structure

coming paper. In [5] an analysis of some properties of @5y he too strong. For example, there has been made a lot
joint probability distribution over a vector of random \aties ot research work in the field of mixture of trees models

was done. However, the methodology was different from oufgo; |n this case, we often deal with various tree structure

We believe that the investigation of the uncertainty functi corresponding to the same vectr. There is a different prob-

proposed in the .current paper would be a continuation of tﬁ%ility distribution assigned to every graph. In this siioa

work presented in [5]. log,¢(x1,...,2x) it is not anymore type | function on the
. tree used for defining probability distributid?h. Reasoning as

B. Relative Entropy in the section Il we see that

The relative entropy, known also as the Kullback-Leible

(KL) distance, is a measure of compatibility between tw P(x)logy¢(x) = Z Z P(xi, x;)109,¢5j (i, ;).

probability distributions of the same random variable. 8em * li.g}ebq @iy

times it is considered as a distance between two distribsitiofy is an edge set of the tree which corresponds to the

However, one should remember that it is not a real "distancdistribution (). Marginals P(xz;,x;) can be provided by BP

because KL distance is not symmetric and does not hold tich is run on the tree assigned o (see 1I-B). However,
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the price is the increase of the complexity. As has beeetwork [3]. If the marginalization is impossible we can

mentioned in 1I-B finding marginal®(x;, ;) for all possible use the stochastic simulation to approximate moments. In a

pairs X;, X, has the complexity)(N3). However, we need similar way we will try to attack a problem of finding out (or

only marginals of the pairs connected from the tree related approximating) the surprise index (Sl) defined in [6]. The Sl

the distribution@. One can see that this tree hais— 1 edges of a particular evidence(®) is a probability of observing an

hence we need to compute marginals only #r— 1 pairs. instantiation ofX (¢) with the uncertainty higher tham(z(¢)).

Thus the complexity become3(N?). The usefulness of Sl is underestimated because it is bdlieve

that finding out the Sl is exponential in a size of thg®).

The problem of finding the Sl leads us to another question—
By a decision making we understand actions that are tak@fysoning with a functiory X. For instance, one might be

under a predicted outcome of an observation of the veXtor interested in a marginaP(z;|f(x) < c). An exact solution

Thus we can interpreP(zy, ..., zx) as a probability of mak- of such a query seems to be difficult. However, we know that

ing a right decision. If there is no functiof{z1, ..., zy) then

one usually chooses an instantiation of the highest prdibabi P(zi)f(x) < ¢) = P(f(x) < c|$k)ka).

However, the presence ¢f may have significant impact on P(f(x) <c)

our decision. If, for examplef(x1,...,2y) is a gain in the In our future work we will develop methods for finding out

case of making a right decision, the choice of an instaotiatithe probabilitiesP(f(x) < c|zx) and P(f(x) < c¢). In our

with the highest probability may be not the optimal one. lopinion, there is a possibility to adapt BP to find out such

this situation the paradigm of the maximization of an exeéct probabilities.

gain becomes more natural to apply. This means, we choos&Ve believe that the reader has been convinced to the use-

C. Decision Making

an instantiation(z7, ..., x%) that fulfils fulness of our method for investigating theoretical projesr
of PGMs as well as for solving problems related to the real-
ar P . - . . -
9 (III??);N) (@1, an) f@n o) life usage of them. We intend to continue our work in all

The natural question is whether we can find an instantiatigfentioned directions. The first on our research agenda is an
which fulfils the above condition. It is a simple exercise tgnalysis of the uncertainty and its applications for a confli
show that for type Ill and IV functions BR algorithm can peletection in PGMs.

easily adapt for solving this task. It seems that types | and APPENDIX

Il need completely different approach. As has been written i

the introduction, our approach needs to be carefully costpar 1) Type |(Zk))°\S far as7 (j) is c9n5|dered, let us assume that
to the work presented in [1], [2], [8], [11]. we know A (z;) for all possiblex; and for allk < K.
T Firstly, we consider the message update rule defined by (13).

V1. CONCLUDING REMARKS AND A FUTURE WORK From the definition of type | follows that, we can rewrite (13)
We are aware that the paper is highly theoretical. It wad the following way

our intention to provide a toolbox that can be used later (k) N D\ohr (o

on for solving problems rising from practical applications T ) = %d}(m Wil as)

of PGMs. We argue that the proposed view on PGMs may * ) A

bring a fresh look on some problems. A good example is the x [f(@ ) + fij (s, ;)]

uncertainty function introduced in V-A. A knowledge abotst i we reorganize the sum and see that
distribution may play a crucial role in detecting perturbas *) ,
that affect a model. Perturbation is understood as a chahge 0 A7 (o (@) = Y > (@) (i, z5)

a potential function caused by outer factors that alter aehod zj x|z,
The problem of the reliability and a revision of a model has k
K\ cio Gy pht
been already addressed by many authors [6], [7], [9]. There X [Z ; &) fo (@, 25)]-
are still some open problems to solve. For instance in [9] 1=0

Laskey suggests computing[P(X(<))] (X(©) is a vector of Finally, we obtain

the observed variables—he evidence vector) and comparing K

this value with real outcomes of a model. The goal is to A’T(j)u{i}(‘ri) = Zwij(l’ia%‘)
figure out whether a model is an adequate representatior of th zj

system described by it. However, in the same place it is said ko k. 0 ol
that E[P(X ()] is computationally intractable for most of <) (Z)Aj () fij (@i, 25)).
the models used in practice. We suggest to use the uncgrtaint =0

function of the vectorX (). If it is possible to marginalize We are going to simplify the notation in order to show the
out the non-observed variables, it will be possible to compumerging procedure. The reason for this is the fact that our
the entropy ofX () and higher moments af(X (¢)). Such a standard notation may increase the complexity of the pteden
marginalization can be done for many medium-size networf@mulas beyond the acceptance of most of the readers. Let
used in real-life applications. A good example is the ALARMis assume that we have two tre€s and 75 joined in the
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common rootX,.. For example7 (j:) U {i¢} and7 (j2) U{i} The merging follows from
join in the X;. The junction of those two trees is denoted by

(k) _ (r)y £ (o (T)
7, (In our exampleZ,. = 7 (j;)UT (j2)U{i}). SymbolsX 1), AP @) = D o@D (=)
X® and X relate to7;, 7, and 7, respectively. Please @z,
note that the only common component &) and X ? is = > > pEW)y®)

X, (X; in the example). As has been already mentioned, we eD|z, =@ |z,
know two following quantities [f(m(l)) 4 f($(2)) — fo(z)]F

Y we)uE?)

2Dz, =@ |z,

SO0 DR R ISR

l1,12,1
hitlo =k 177203

x [ (@) f2(@?)).

X

A @)= S w@)ff ™), he{l2).  17)

(M) |z,

We want to find

AP (@) = Y (@) ff ).

2|z, Finally, the above gives us the final formula:
Hen i k ls \ (1) (12)
The idea is the same as for the message update rule. We Z o (—fr(x) 2 Ay (20) A ().
transform the above equation using the definition of the type i +is+1,=k V1'% "3
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