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Abstract—Consider an orthogonal grid of streets and avenues may not form a connected network, we use a number of
in a Manhattan-like city populated by stationary sensor modiles  autonomous mobile robots, each capable of behaving as a
at some crossings and mobile robots that can serve as relay$ o relay module, to augment the sensor modules to make the
information that the modules exchange. Both module-moduland fi twork ted. Each robot ) . tth
module-robot communication is limited to a straight line of sight €NUre NEWOrk connected. Each robot, using as Iinput the
along a row or a column of the grid. We present a number of Sensor and current robot locations, autonomously detesnin
distributed algorithms for the robots to establish a conneted its move. No centralized controller for the robots existac®a
network of a given set.S of modules by moving to suitable connected network is formed, the robots behave only asselay

locations in the grid and serving as relays. It is shown that e of information that the sensor modules exchange
number of robots required to connect the modules depends not . :
only on the number ¢ of connected components in the visibility ~ YWe assume the following about the robots. Each robot,

graph of S, but also on the degree of symmetry inS. In most represented by a point, is a mobile unit with computational
cases, our algorithms use the worst case optimal number of bwts  capabilities, that can move freely along the rows and cokimn
for a given c. of the grid. The robots are all identical and execute the same
deterministic algorithm. They am@blivious meaning that they
do not remember their previous observations or computsition
FUNDAMENTAL issue in sensor networks is data agand hence, their action at any time is based only on what
A gregation, where data collected by individual senséhey currently observe. They asnonymousi.e., they have
modules that are specially distributed are sent to a detsignano identifiers and are indistinguishable by their appearanc
sink by a multi-hop routing algorithm [1], [3]. Typicallyti They do not have any means of direct communication —
is assumed that (1) two modules can communicate with edtiey “communicate” indirectly only by observing each osier
other if and only if they are within a given communicatiorpositions. Finally, they do not have a common coordinate
range, and (2) the modules are distributed densely enowgystem, and hence, each robot observes the current state of
to assure the connectedness of the entire network. Note tthet system and computes its move in terms of its own local
assumption (1) implies that there are no “obstacles” to lblocoordinate system. The local coordinate systems of twotsobo
communication. may not agree. We do assume, however, that both axes of every
Deviating from the above, in this paper we consider lacal coordinate system are aligned with the rows or columns
case in which (1) inter-module communication is (straightf the grid, and all local coordinate systems agree on the CCW
line) vision-based, (2) there are obstacles in the field thatientation of their axes.
block visibility, and (3) there may not be enough modules Each robot repeatedly executescgcle consisting of the
in the field to assure the connectedness of the network. Wélowing three steps:
assume that additional mobile relay modules, each viewed )
as an autonomous robot, are to be deployed to augment the
stationary sensor modules to establish a connected network
Specifically, consider an orthogonal grid of streets and
avenues in a Manhattan-like city where some of the crossings
are equipped with a (stationary) sensor module. Two sensor )
can communicate with each other if and only if they lie 4
on the same street or avenue, i.e., communication between
modules is effected by seeing each other along a straigt lin
of sight. Now, from time to time a subset of these sensorsWe assume that the robots aasynchronousin that each
must form a connected communication network in order &f the above steps takes a finite but unpredictable amount of

aggregate some information. Since the sensor modules al§fe; and there may be a finite but unpredictable delay betwee
successive steps within a cycle and between two successive

Supported in part by UWM Research Growth Initiative. execution of a cycle. Because of this assumption, comuuisti

I. INTRODUCTION

look: the robot obtains the current global state of the
system (the positions of all robots, as well as the
positions of the sensor modules to be connected, both in
terms of its own coordinate system) as a snapshot taken
by a satellite,

compute: it computes a destination poidf

move: it moves tod, continuously (in the continuous
model), or instantaneously (in the discrete model).
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may be done based on obsolete observations. The considerdfe view the (infinite) gridGx~ (for simplicity denoted
model has been given a lot of attention in recent years foy G.,) as representing a city and consider a vision-based
different computational problems; some results obtaingtié problem in which a group of asynchronous and oblivious
continuous model can be found in [8], [13], while the diseretmobile robots are required to build a connected network that
model was studied in [6], [7], [9]. Note that in the contingouspans a given subset of vertices. The problem is formally
model, a robot may be “seen” by others while moving. Andlefined as follows.
to ensure progress, it is assumed that for each reptitere The visibility graph of a set.S of points in G is the
is a constand,. > 0 such that- can move at least distande graph whose vertices correspond to the element$ @ind
towards its destination point in a single move. two vertices are adjacent if they see each other, that iy, the
The connecting problem outlined above can be consider@slin the same column or row. Next, given two sétand R
as a a variation of théormation problemfor autonomous of points in G.,, we say thatR forms aconnected network
mobile robots [14], [15], where the goal is to design &or S if for any two verticess, s in S, there exists a path
distributed algorithm for the robots to form a given targetonnectings; andss in the visibility graph ofS U R.
geometric pattern, such as a point, a straight line, andctecir  Now, for a subset of vertice§ of G, let us defineC'(.5)
Often the robots are represented by a point, and two or masebe the minimum number of asynchronous and oblivious
robots are allowed to be at the same location at the sanobots such that for any initial configuration of at leg4ts)
time, creatingnultiplicities while in some other work a robot robots, there exists an algorithm by using which robots from
is modeled by a disc [1], [4], in which case the robots canngt, activated according to any asynchronous schedule, age abl
overlap with one another, and they may block the visio form a connected network f&t in a finite number of cycles.
of others. The formation problem has been considered fidext, let us defineC(c) to be the maximum value aof'(S)
robots moving freely in the plane, as well as for those movirgyver all subsetsS having ¢ connected components; in other
discretely over the vertices in a graph. The problem of fagni words, the functiorC'(c) represents the maximum number of
(or gathering at) a point in the plane or a vertex of a grapbbots that are ever needed for-somponent subset -&/(c)
is known in the literature as thendezvous problei®], [10], robots always suffice, and’(c) robots are necessary for at
[11]. See [12] for a survey of some of the results on thigast one subset with connected components. (Observe that
subject. Note that in our problem, the final positions of th€'(c) > ¢ —1.)
robots depend on the sensor module locations. . .
In this pi\per, we mainly focus on the discrete case in whiWe continuous connected network problemDetermine the
the grid of streets and avenues is viewed as a graph havin‘B"aCt'On Cle).
vertex at each crossing, and robots attempting to move fromin the discrete model of the connected network problem,
a vertex to an adjacent vertex do so instantaneously in theth elements of the input séf and (positions of) robots
move step. (Our results carry over to the continuous case wire restricted to vertices of the grid, and we assume that
minor changes, as we mention in Section 5.) Though as stateflots move in the discrete way: they decide to move to an
earlier we model each robot by a point, to make our resuligljacent vertex/crossing or to stay, and decisions arentake
more applicable in practical situations (where the robatgeh discrete time moments. Similarly to the continuous case, fo
some physical volume and the streets and avenues in the griget of verticesS in G, defineC*(S) to be the minimum
may be just wide enough for only one robot to move alongyumber of asynchronous and oblivious robots such that fpr an
we assume that multiplicities are forbidden, that is, atbars initial configuration of at leasC*(S) robots, there exists an
must not allow two or more robots to occupy the same locati@ifigorithm by using which robots fromR, activated according
at the same time. to any asynchronous schedule, are able to form a connected

Our results. Let S be the set of module locations. andhe Nnetwork forV in a finite number of cycles. Next, let us define
number of connected components of the visibility graph & (¢) to be the maximum value af”*(S) over all subsetsy
S. As we discuss, the number of robots needed to consiecPf ¢ connected components.

depends not only og, but also on the (reflective or rotational}the discrete connected network problem.Determine the
symmetry ofS. All our results are summarized in Table I.  fynction C*(c).

Il. PROBLEM DEFINITION In the following, we shall focus on the discrete variant, and

A (2n+1)x (2n+1) grid G 2n41)x (2n41), 7 > 1, isthe set at the end, we shall show how to extend our results for the
of points with integer coordinates [r-n, n] X [—n, n] together continuous case.
with their connecting edges viewed as a connected planar set ) ] )
Alternatively, G 2, 1 1)x (2n4+1) Can be understood as the unior®- Types of symmetry of the input sensor configuration
of the following 4n + 2 line segments: (a) the line segment Taking into account that for a set of points with integer
between(i, —n) and (i, n), calledcolumni, —n < i <n, and coordinates on the plane, symmetry operations are clostad wi
(b) the line segment betwedgn-n, j) and (n, j), calledrow respect to point subsets consisting of exactly one poiicthx
Jy—n < j <n.Apoint(z,y) in Ganriyx@2ns1) IS called a two points, or exactly 4 points forming a square, we easily
vertexif both = andy are integers. obtain the following lemma.
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TABLE |
SUMMARY OF OUR RESULTS ¢ DENOTES THE NUMBER OF COMPONENTS OF THE SENSOR CONFIGURANQUNDERSTOOD IN TERMS OF VISIBILITY

Maximum required number of robots

Symmetry of module configuration lower bound upper bound Reference
Asymmetric configuration c—1 Thm. 3.1
One axis of symmetry c—1 Thm. 3.2
Two axes of symmetry (horizontal, vertical) 2c—3 Thm. 4.1
Two axes of symmetry (diagonal) 2c—3 Thm. 4.2
Four axes of symmetry (not skewed) 4c—T7 Thm. 4.3
Two axes of symmetry (skewed) 2c—9 2c—3 Thm. 4.4
Four axes of symmetry (skewed) 4c — 19 4c— 7 Thm. 4.4
Rotational symmetry for multiples of80° 2c—3 Thm. 4.5
Rotational symmetry for multiples a¢f0° 4c -7 Thm. 4.6

Lemma 2.1:The only possible symmetries of input pointsSince the target points have distinct x-coordinates, olesthiat
are: all zones are nonempty.

(a) One, two, or four axes of symmetry.

(b) Symmetry by rotation by multiples af30° or by multi-
ples of90°.

Description of ALGORITHM 1. The idea of the proposed
approach is to sweep the grid from the left to the right in
order to leave one robot per each target point. The surplus of

robots is then placed on the bench.
I1l. ASYMMETRIC CONFIGURATION OF THE INPUT SET

Before we present our approach, let us point out that for tMéhen a robot wakes up, it sequentially executes the follgwin

asymmetric case it may be simplified, however, we formulatrée phases.
it in more general form, in order to refer to it and make use « PHASE 1: processing data. During this phase, given the

of it in other cases. input setS, a robot determines all data: connected com-
— . ) ponents of the visibility graplé: of S, the representative
Definitions. Suppose that the input subsebf vertices forms of each connected component 6 all the zones, and

an asymmetric configuration. Non-symmetry determines the ihe pench.
unique coordinate systeln this coordinate system, streets « PHASE2: checking zones. This phase attempts to remove

are horizontal and vertical. Thepresentativeof a connected all “extra” robots from zones, leaving only those robots
componentC' in the visibility graph ofS is the vertex inC located at the target points in it. Consequently, by the
with the smallest x-coordinate; if there are many such ®bot  jefinition of target points, the left robots in zones form
the one with the smallest y-coordinate is chosen. then a connected network.

Let v1,v9,...,v. be all representatives in the visibility | pyasg 3: moving on the bench. During this phase, the
graph ofS ordered according to their x-coordinates, wheig surplus of robots is placed on the bench.

the number of connected components in the VISI.blhty grah o In order to proceed with the formal description ofiA5E
S. Notice that there are no two representatives with the samezx we need one more definition. Namely, given a zéiewe
or y-coordinate since they would see each other. Now, define ) ¥: 9 o

the setTP(S) of ¢c—1 target pointsas follows (all definitions say thatZ; is checkedf there are no robots ir; except the
mentioned below are illustrated in Fig. 1): robot in the target poinp;. Thus, if all zones are checked, a

connected network is formed.
TP(S) = {pl,p?y s apc—1}7 Wherepi = (X(vi+1)7Y(U1))'

(For a pointp, x(p) (v(p)) denot_es its x-coordinate (resp. YPHASE 2

coordinate).) Observe that placing robots at all targehigoi

will result in a connected network fof (Fig. 1(c)); also, Leti > 0 be the maximum index such that zongs ..., Z;

all target points have different x-coordinates and the sarfe checked; if there is no su¢hwe seti := 0.

y-coordinates, ang._; is the rightmost target point. Next, e If i = ¢ — 1, then a connected network is formed, no

for the setTP(S) of target points, letr,q, := maxes x(s). robot is allowed to move, and the phase finishes with a
Then, the(x,q. + 1)-st column is called théench Finally, success.
definec — 1 zoneszy, ..., Z.-. as follows (Fig. 1(b)): e If 1 <i < ¢—2,then letl be the first column to the right
ZoneZ; == {(z,y) : = < x(p;) andy € R} to target pointp; with a robot on it; otherwise, it =0,
then let/ be the leftmost column occupied by a roBot.
Zone Z; == {(x,y) : x(pi-1) <z < x(pi) Consider the columit with the target poinp;_;.

andy e R}, i=2,...,c— 1.

2We useup, right, down andleft to refer to the four compass directions
1Due to space limits, we omit details. North, West, South, and East in the understood manner.
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Fig. 1. (a) The input sef and the sefl'P(S) of four target points®. We have five connected components, and the relevant repaésesvy, ..., vs

are marked with red. All target points have the same y-coatdi as representativg . The bench is marked with blue. (b) Zong&s, ..., Z4. (c) The final
solution — the surplus of robots has been placed on the bench.

o x(I) < x(k). Then the unique robot with the a vertex may connect/see vertices from at most two different
greatest y-coordinate in colunins allowed to move connected components.
to the right provided that the relevant vertex is free.
Otherwise, if it is not free, the first robot to its pyasg 3

right, with the same y-coordinate, and with the free
vertex to the right, is allowed to move to the right. SuPpose that all zones are checked and the number of robots

o x(1) = x(k) is greater tham — 1, i.e., there are extra robots.
' ) ] e If all extra robots are on the bendh then the phase
« If there are multiple robots oh then the unique finishes with a success.
robotr with the greatest y-coordinate is allowed o otherwise, letl be the first column — not counting the
to move to the right provided that the relevant  penchy — to the right to the last target poipt_; with
vertex is free. Otherwise, if it is not free, the first 5 (opot on it.

A . )
it e same YO0, () < () Then the uniue oot i tr
move to the right ' greates.t y—coord_lnate in colundns allowed to move

' to the right provided that the relevant vertex is free.

x Otherwise, the unique robat on the internal If it is not free, r is allowed to move up.
columnk is allowed to move towards the target o x(I) > x(b). Then the unique robot with the
point pi 1. greatest y-coordinate in colundris allowed to move

to the left provided that the relevant vertex is free.

o x(I) > x(k). Then the unique robot with the
If it is not free, r is allowed to move up.

greatest y-coordinate is allowed to move to the left.

Observe that by the definition of target points and colurinasd . . .
( Y 9etp Similarly as above, observe that due to construction, if not

k, the first vertex to the left of is free. . .
) all extra robots are on the bench, then there is a unique

Observe that due to the construction, if the sensors have ROt which is allowed to move duringHASE 3 to a free
been spanned, then there is a unique robot which is allonwé@ftex. Consequently, the algorithm may be used in a fully
to move during RASE 2 to a free vertex. Consequently, thesynchronous model, and no multiplicity will be created.
algorithm may be used in a fully asynchronous model, afryrthermore, after a sufficient number of calls o A3E 3,

no multiplicity will be created. Furthermore, after a suffit ALGORITHM 1 must finish with a success (i.e, all zones are
number of calls of RASE 2, all zones are checked in finitechecked and all the extra robots are on the bench) in finite
time, and thus, a connected network using 1 robots is time. Consequently, we get the following theorem.

obtained. And, the approach works for any numhep ¢ — 1 Theorem 3.1:f the input set S is asymmetric, then

of robots. On the other hand, observe that the nurabert  C*(S) = ¢ — 1, wherec is the number of connected com-
of robots is optimal. This follows from the fact that a robot aPonents in the visibility graph of.

3We point out the rule may be simplified. Namely, when a rabistallowed One axis of symmetry
to move to the right, but the relevant vertex is not free, t_hn’lmtr may be Observe that if the input set has one axis of symmetry
allowed to move up. However, we provide a more complicatée, s in the . . .
(horizontal/vertical, skewed or diagonal), we can ordesath

case of four axes of symmetry, it will allow us to apply theaalthm without ! - ¢
major modification. symmetries in order to have the uniquely left-hand and the
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right-hand side of the input configuratiérSince robots agree  Theorem 4.6:If the input set.S has the symmetry by
on the counterclockwise orientation of their local axegyth rotation by angledo°, then C*(S) = 4¢ — 7, wherec is the
may agree on the global coordinate system in this case as wellmber of connected components in the visibility graptbof

Namely:

. . . . Continuous case
« If the axis of symmetry is horizontal or vertical, then the

direction of the x-axis is the same as that of the axis of Recall that in the continuous variant, a robotmay be

symmetry, and the temporary origin is the same as tHcated at any point of the grid (not only at a vertex), and:

robot’s position. Next, the robot computes the bounding « States Wait/Look/Compute/Move take finite time, but at

box of the input points (with respect to its local coordinate  least a constard, > 0.

system) and then sets the lower-left corner as the (final)e If r decides to move, then, if the destination point is

origin of the coordinate system, with the same directions closer than some arbitrarily small constant the robot

of the axes. will reach it; otherwise, the robot will move towards it at
« If the axis of symmetry is skewed/diagonal, then the axes’ leastd, but finite units.

directions in the coordinate system are set in such a waya careful look at our approach shows that it can be adapted
that the axis of symmetry points outwards from the firgbr the continuous variant. As robots are restricted to move
quadrant, while the origin is temporarily the same agiong columns and rows of the grid, there are two major

the robot’s position. Next, similarly as above, the robggsues about the case when a robot is located between two
computes the bounding box of the input points (witkonsecutive vertices of the grid:

respect to its local coordinate system) and then sets th
lower-left corner as the (final) origin of the coordinate
system, with the same directions of the axes.

§. When a robot is located between vertices of a vertical
edge and it is allowed to move to the right/left, it first
has to move up to the nearest vertex. Observe that such

Consequently, we may apply the same algorithm as discussed a vertex is always free.

for the asymmetric case, and thus we have the following@. When a robot is located between vertices of a horizontal

theorem. edge and it is allowed to move to the right/left, it may
Theorem 3.2:If the input setS has one axis of symmetry, execute the move only if the relevant vertexis free.
then C*(S) = ¢ — 1, wherec is the number of connected If vertex v is not free, then the first robot at or above
components in the visibility graph . vertexv having a free vertex above is allowed to move
up. Observe that after a finite time, robotvill be able
IV. FURTHER RESULTS to make a move.

We note the relevant rules can easily be modified in order to
eal with all these situations as well; the details are @ditt
Consequently, our bounds and algorithms derived for the

Theorem 4.1:If the input setS has two horizontal and _. . ; :
: . discrete case can be immediately extended to the continuous
vertical axes of symmetry, the@*(S) = 2c — 3, wherec case

is the number of connected components in the visibility grap
of 5. V. CONCLUDING REMARKS
Theorem 4.2:If the input setS has two diagonal axes of
symmetry, thenC*(S) = 2¢ — 3, wherec is the number of
connected components in the visibility graph.f
Theorem 4.3:If the input setS has four axes of symmetry,
then C*(S) = 4c¢ — 7, wherec is the number of connected

components in the visibility graph . the maximum numbe€*(c) of robots ever required for an
Theorem 4.4: input setS havingc connected components critically depends
(a) If the input setS has two skewed axes of symmetrypn the degree of symmetry &f — again see Table | for a
then2c — 9 < C*(S) < 2c — 3, wherec is the number summary of the results. Observe that while gathering is not
of connected components in the visibility graph.sf always feasible, connectivity can always be achieved when t
(b) Ifthe input setS has four skewed axes of symmetry, themumber of robots is sufficiently large. And, it is worth pairg
dc — 19 < C*(S) < 4c — 7, wherec is the number of out that if robots do not agree on the CCW orientation of
connected components in the visibility graph$f the axes of their local coordinate systems, then there exist
Theorem 4.5:1f the input setS has the symmetry by configurations which cannot be spanned without creating a
rotation by angle180°, then C*(S) = 2¢ — 3, wherec is Mmultiplicity, see Fig. 2 for an example.

the number of connected components in the visibility graph For future study, a problem similar to ours can be consid-
of S. ered in the continuous plane under a suitable assumption on

the modules’ communication capabilities and limitatioRer
4Due to space limits, details are omitted. instance, the plane may contain polygonal obstacles tbhakbl

Due to space limits, we only briefly mention further resulta
here.

We considered the problem of connecting a given set of
grid vertices using a number of autonomous mobile robots
as relays. The problem is solved using essentially differen
algorithmic techniques than those applied for previouslgs
ied gathering problems with multiplicities. As we discu$se
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Fig. 2. If robots do not agree on the CCW orientation of axetheir local
coordinate systems, then there exist configurations whicimat be spanned
without creating a multiplicity. ]

(8]

[20]

visibility, and two modules can communicate with each other
if and only if they see each other within a certain distancg;]
the problem seems challenging even without obstacles.
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