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Abstract—Finding maximum likelihood parameter values for very slow to converge and in some problems, the E- or M-
Finite Mixture Model (FMM) is often done with the Expectation  steps may be analytically intractable, and may converge to
Maximization (EM) algorithm. However the choice of initial local optima [(32), (26)]. Moreover, one should emphasii t

values can severely affect the time to attain convergence of. S C .
the algorithm and its efficiency in finding global maxima. We in the FMM the likelihood function is usually not unimodal

alleviate this defect by embedding the EM algorithm within the ~and the likelihood equation has multiple roots correspogdi

variable Neighborhood Search (VNS) methaheurestic frameark.  each to local maxima; hence the EM algorithm will be very
Computational experiment in several problems in literature as sensitive to the choice of starting values. Wu (39) reported
well as some larger ones are reported. that in general, if the log-likelihood has several (local or

Index Terms—Expectation Maximization algorithm, Meta- . ; . L
heuristic, Variable Neighborhood Search, Maximum Likelihood global) maxima and stationary points, like in the case of

Estimation, Finite Gaussian Mixture Model and Global Opti- FMM, convergence of the EM sequence to either type of points
mization.. depends on the choice of starting point.

Many variants of the original EM algorithm have been
proposed in this last decade by several authors to overcome
this local maxima problem. Mclachlan (26) proposed the use

Finite Mixture Models (FMM) are strong tools for modelingof principle components to provide suitable starting valire
of a wide variety of random phenomena and to cluster daEM context. Wright and Kennedy (38) use interval analysis
sets (1). They provide an efficient platform for apprehendaethods to locate multiple stationary points of a log liketid
ing data with complex structure; (see (5)). Because of thaiithin any designated region of the parameter space. Ueda
usefulness as a very flexible method of modeling, FMMnd Nakano (34) presented a deterministic annealing EM
have proved to be of great interest over the years, bothdigorithm (DAEM) method for the EM iterative process in
theory and practice; see (33). Many problems of biologgrder to be able to recover from a poor choice of starting
physics and social sciences are modelled using a finite neixtwalue. By introducing the temperature parameters to modify
of distributions; (see (30)). Recently mixture model-lthsehe posteriori probability in the E-step, they provided the
methods has became very popular in cluster analysis, (&% with the ability to avoid the local maxima in some
(25)) for an application of FMM to micro array data. Modelingpecific cases but in the process make it slow so this approach
using mixture distributions consists in the determinat@n may not be appropriate in general (see (27)). Moorover, the
the estimation of model parameters. Maximum LikelihooDAEM and other similar extensions of EM are useless with
Estimation (MLE) is considered to be the best method amongspect to the problem of inappropriate distribution of the
many others, such as the method of moments used by Pearsemponents in data space when locally trapped. Recently, in
(29) and by Cohen (9), and the graphical techniques deploy&der to circumvent the local optimum problem of the EM
during the early and mid-1900’s by Harding (22) and extendedgorithm for parameter estimation in a FMM, Ueda et al.
by Cassie (8) (see (13)). For mixture models problems, t(®5) proposed a split-and-merge EM (SMEM) algorithm in
likelihood equations are almost always nonlinear and can nwhich they applied a split-and-merge operation to the usual
be solved by analytic means. Consequently, one must r&@sorEM algorithm. The basic idea of the SMEM algorithm is
seeking an aproximate solution via some iterative proeaduthe folowing: after convergence of the usual EM algorithm,
Our main interest here, is in a special iterative methocedallone first uses the split-and-merge operation to update the
by Dempster et al, (10) EM algorithm. values of some parameters among all the parameters, then

However, the EM algorithm has some weaknesses in pragie performs the next round of the usual EM algorithm, and
tice. Indeed it does not automatically provide an estimbthe alternatively iterate the split-and-merge operation drelEM
covariance matrix of the parameter estimates, it is sonestinalgorithm until some stopping criterion is met. Obvioushjs

|. INTRODUCTION
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not only benefits from the appealing simplicity of the usull E Equivalently, we want to find a new updated parameter, say
algorithm, but also improves its global convergence cdipabi 6("*+1) such
Vlassis and Likas (36) proposed a Greedy EM algorithm for (n+1) _ (n)
learning a FMM to overcome the limitation of getting trapped 0 —are m(?x{L(e) - L")} )
in one of the many Iocal_maxima of the likelihood functionnen the difference is
when using the EM algorithm. )

The choice of initial values is considered as a crucial poit(f) — L(6") = log(3,, P(O[h,8)P(h|6)) — log(P(0|6™)
in the algorithm-based literature, as it can severely affee — 10%%) (5)
time to convergence of the algorithm and its efficiency to ) (©16%)
pinpoint the global maxima (see (7)). Finch et al. (12) usedHpwever, using Bayes rules we get
guasi-Newton method as an iterative algorithm and proposed (n) P(O, h|6™)
for two component Gaussian mixture, that only the mixing P(h|O,0") = PO (6)
weight should be given an initial value and the rest of the _ )
parameters be automatically estimated based on this valdBg £¢(12) could be written with
Karlis and Xekalki (23) presented a brief review of such S, P(O|h,0)P(h|0).P(h|O,0™)
method. In recent paper Biernacki, Celeux, and Govaert (B§f) — L(6")) = log[ =2 PO, h|g) O]
, propose a method for getting the highest likelihood vatue i _ o ' )
the framework of Finite Gaussian Mixture Model (FGMM):NOt'Ce that this expression involves the logarithm of a sum.
they identify a strategy which is based on random initigiza  S'NC€ P((fi|)0,9(")) IS a probablllty(nr’)neasure, we have that
of EM, characterized in three steps search/run/select infahl0,0"") = 0 and 3, P(h|O.0™) = 1. For instance,
fixed number of iterations. Biernacki (4) proposes a stratey€ May apply Jensen’s inequalityto get
to initialize the EM algorithm in FMM context by defining

_ n) (n

a starting value distribution on a mixture parameter spa@ée) L(H( ) 2 ZPWQQ ))log(
including all possible EM trajectories. . h (n)

In this paper we develop a new method that combines a = A1) )
m_etaheuristic variz_ible neighborhood search (VNS) algmit equivalently, Eq(11) will be,
with the EM algorithm to overcome as much as possible the (nt1) (n)
local maxima problem. 6" = argmax{A(0]0")} (10)

= arg rneaxz P(R|O,0™)1og P(O, h|#)(11)
h

P(O|h,0)P(h|6),
P(O, h|6(m) ©)

II. EM ALGORITHM

A. EM Derivation = argm(;cLXEh‘O,‘g(n) log P(O, h|6) (12)
Let C = (O, H) being a sample of the complete data where = argmax Epj0,0mt(C|0) (13)

O = {o01,09,..,0i,..,0m } is the sample ofn observed data (n)

and H = {h1,ha,...,h;,....h,,} defined as a sample ofy = argmeaxQ(@;@ ) (14)

hidden data. Each; = (hiy, hiz, ..., hij, ..., hik) Wherehi; € Hence, theEq(13) shows well the two EM algorithm steps
{0, 1} corresponding to the mixture component to whigh which are

belongs. Thus, the likelihood function for the completeadat 1. E-step Compute the conditional expectation of the

can be written as complete data log likelihood..(6), given the observed data
m ok O, using the current iteratiof™ for 6.
P(Cl0) = T[] TP (oilay)) ™ (1) 2. M-step: Update the value of, say 6"*1), that max-
i=1j=1 imizes the E-step Thé=- and M- steps are continuously
repeated until the differendg@™! — 0(")| or |L(6("+1)) —
L(#™)| changes by an arbitrarily small amount.

IIl. EMBEDDING EM IN VNS

A. EM and Global optimization problem

When there are many local optima the EM algorithm can,
and often does, lead to one of them instead of to the global
maxima. In fact, as shown in section 2.1, in the M-step of the
EM algorithm we are concerned with findid§*+") such that

This function is considered to be as joint complete distidu
where the marginal distribution @ will be

P(0l0) =Y P(C|0) =Y P(Olh,0)P(h]0)  (2)
h z

The goal of EM in its basic idea is to find such that
the likelihood P(O|6) or equivalently L(#) is maximized.
EM algorithm is an iterative procedure for maximizidg?).

Assume that after the!” iteration the current estimate for
is given byd(™). Since the objective is to maximizg(0), we 0"t = argmax Q(0]0™) (15)
wish to compute an update estim#tesuch that ’

Ifor constants\; > 0 with >.; A = 1 it shown thatlog}, \jz; >
L(0) > L(e(n)) (B) X Ailog(s)
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The Q(#|#™) function is multimodal. However, we cangenerated points (31), adaptive multi-start (6), simualae-

formulate the problem of the form (15) as; nealing (24), one of the most well known MS methods is
the greedy adaptive search procedures (GRASP). The GRASP
max  f(0) = Q(0]6™) (16) methodology was introduced by Feo and Resende (11) and
subject to 0O many others have contributed to an abundant enhancedsresult

for many combinatorial problems.
However, the performance apprehended and the sophistica-
' ! _ tion of such heuristics makes it difficult to allocate with a
if £(6%) = f(6), V0 € ©.In other words, we can view this 500\ racy the reasons for their effectiveness. Mladenanit
problem as a globa_ll optimization one. _ Hansen (28)had examined a change of neighborhood in the
Woodruff and Reiners (37) considered the modeling of sugharch as a relatively unexplored reason and they proposed

sophisticated topics commonly attends\t@>—hard problem. 5 new optimization technique called variable neighborhood
Such problems, paticulary when involve continious vaeabl ¢a4rch VNS.

are often very difficult to solve. So one can either limit c&les /s is a metaheuristic method that embeds a local search
to smal instances solvable golbal optomization technique, heristic for solving combinatorial and global optimizati
limit oneself to heurestic optimization. the later is irtffdone problems. VNS performances systematically the idea oftmeig

by EM, but as we will show experementely below embedding, 1,04 change, both in ascendant to local maxima and in
it in the VNS format leads to a more efecien algorithm in tem&cape from the hills which contain them (21).

of values of soliution obtained wile steel keepeng resotuti

time reasonable. C. VNS algorithm
Combinatorial and global optimization algorithms are typ-

ically attracted in solving instances of problems that ar

believed to be hard in general. However, the use of availat?

exact algorithms such branch-and-bound, cutting planes, olution, and jumps from this solution to a new one if and

composition, Lagrangian relaxation, column generatiord aonly if a’n improvement has been made.

many others may not reach to solve very large INStANCeS.tp o pasic VNS method described by Hansen and Mladen-

Moreover, Hansen and Mladenovi¢ (20), asserted that magis [(18), (19), (20)], combines deterministic and stastic
practical instances of such problems of the form (16), rgisi hanges (’)f nei,ghborﬁood Denote With (k = 1,2, .., kyas)

n Operatlons_Research an_d other flelds_, are tqo complex ﬁo'ﬁnite set of preselected neighborhood structures, anld wit
an exact solution to be realized in conceivable time. Thues o () the set of solutions in thét» neighborhood of:. Its

has t_o endeavor tq heuristics, WhICh prov_|de an approxim ps are given as:
solution, or sometimes an optimal but without proof of its

optimality but _for the _favor of a reasonable time realizatio nitialization Select the set of neighborhood struct
Local search is considered as one of the most used type ojf— . : e ur éﬁ. -
k=1,2,.., kmas, that will be used in the search; find an initial

heuristic (19). Local search algorithms move from an ihitia . ) ; e
s?lutlon x; choose a stopping condition;

solution to another neighborhood solution in the space 0 Repeatthe following until the stooping condition is met:
candidate solutions by alternation of local changes, which~SP€8 9 bpIng '

improve at each time the objective function, until a solatio 1) Setk — 1; _ _
deemed optimal is found or a time bound is elapsed. Although,2) Repeathe following steps untik = kpq.:

where f(0) is the objective function to be maximized a&d
is the set of feasible solutions. A solutiéh € © is optimal

VNS and contrary to other metaheuristics based on local
arch methods, does not follow a trajectory but explores
%reasingly distant neighborhoods of the current incumbe

an EM algorithm can be employed to perform local search for a) Shaking.Generate a point’ at random from the
the problem of the form (16) (36). kth neighborhood of: (z' € Ni(x));
b) Local search.Apply some local search method

B. VNS and Heuristics with 2’ as initial solution; denote withy”” the so

Heuristic search procedures that aspire to find global op- obtained local optimum; .
timal solutions to hard combinatorial optimization prabke ¢) Move or not.If this local optimum is better than
usually require some type of adjustment to overcome lo- the incumbent, move therle: — 2),and continue
cal optimality. In recent years, many authors extended this the search withVy(k — 1); otherwise, set: «
methodology and developed several metaheuristics ahgosit k+1

for avoid being trapped in local optima with a poor value.
The most relevant procedures in terms of their application
to a wide variety of problems are: Tabu Search is by now
a well-known metaheuristic for solving hard combinatorialhe stopping condition criteria could be such as maximum
optimization problems [(14), (15), (16)], Multi Start (MS)fixed number of iterations, maximum CPU time allowed,
methods are devoted to the Monte Carlo random re-startan maximum number of iterations since the last increase in
the context of nonlinear unconstrained optimization, wthtee the Log likelihood function. One of the major challenges
method simply evaluates the objective function at randomily the metaheuristic VNS is the selection of neighborhood

Steps of the basic VNS
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structures properties and desirable properties of thes fe | [ First neighborhood

neighborhoods in away to be able to find a global optimal S ssond eighborhood

or best optimal solution and to do so fairly in a reasonable —  Logoflikelihood

time realization. In fact, To avoid being blocked in a hill,

while there may be higher ones, Hansen and Mladenovict (20)
suggested that the union of the neighborhoods around any
feasible solutioré should contain the whole feasible set:

O C Ni(x) UNy(z) U ... U Ngpmao (z), Vo € X.

These sets may coveX without necessarily partitioning

it, which is easier to implement, e.g. when using nested \
neighborhoods, i.e., |

Ni(z) C Na(z) C ..... C Nimaz(z),Vz € X.

If these properties do not hold, one might still be able
to explore X completely, by traversing small neighborhoods Fig. 1. General procedure of EMVNS scheme
around parameters values on some trajectory, but it is n@ mor
guaranteed. For instance, we define a first neighborhadd)
as a subdivision of the interval data range and then itayatin A general procedure of the EMVNS approach is presented in
k times to obtain neighborhoodsy () for k = 2, ..., kyae. figure 1.
They have the property that their sizes are increasing.€fher
fore if, as is often the case, one goes many times through IV. APPLICATION TOFGMM
the whole sequence of neighborhoods the first ones will %e
explored more thoroughly than the last ones. ’

EM and FGMM

To establish FGMM parameters estimation, we explicitly

D. EM and VNS derive the EM steps for Finite d-dimensional Gaussian Mixtu

To let EM algorithm to be not totally depending on thd0del. The mixed weightr; is the unknown probability of
first initialization is to reformulated it using the VNS meth occurrence of thg*" component in the mixture. Assume that
We may consider EM as a local search in global optimizatiGich Gaussian component parametergias a vector mean
context and estimating the parameters model by maximiziffg @nNd covariance matrix; = 0’1 where ¥; is a positif
the Log likelihood function subject to each parameters iglo 4€finite symmetric matrix. The marginal Finite d-dimengbon
to the set of feasible solutions. We define the neighborhoGtRUSsian Model distribution is given by

structures as subintervals obtained from the data disivibbu & .
range. The algorithm will be a combination of the EM aan(O) - #exp{__(o —1)'87 0 — 1))}
VNS (EMVNS). Therefore the basic EMVNS steps are: ; (2m)/2|%] /2 2 e !

J

17)
Initialization. Choose an initial solution; select the set of The parameters to be estimated arg = (u;,0;), and 7,
neighborhood structure by defining the intervals radigéor j = 1,2,...k. Then, using the two steps for estimating the
the means, covariances and mixing weights parameters andmgdel parameters denoted Wy~ (1,05, 7;;7 = 1,2..., k)

choosing the maximum number of embedded intervalg,in it can shown that E-step:
(Lpk, k =1,2,..knqz); choose a stopping condition, that will

—d 2 2
be used in the perturbation phase; choose a stopping aomditi _(n) _ o; “exp{—llo—p;(n)|I*/205(n)} (18)
Repeatthe following until the stopping condition is met: Yo o (m)eap{—lo — pi(n)]|2/203(n)}
1) setk « 1; M-steD:
2) Repeathe following steps untik = k;,q4: P:
a) PerturbationGenerate a parametéf at random (n+1) 1 &
from the k™" neighborhood o (¢ € 1,1.(0)); Tj = 2T (19)
b) Application of the EM algorithnwith 6" as initial =1
solution; denote withd” the so obtained local u(-nﬂ) _ Zi?} TijOi (20)
optimum; ! > i1 Tij
c) _Move or not.If this local optimum is better than St _ S Tigllos — pi(n 4+ 1)[12 21)
the incumbent, move ther@ «— 6”),and continue J - STy

the search withl,; (k < 1); otherwise, set «—
k+1; We denote by c-G-d-MM the ¢ component of Gaussian dis-

tribution with d dimensional Mixture Model (e.g 8G2MM is
FGMM with 8 components in two dimension space). The foure
Steps of the basic EMVNS examples chosen are displayed in table IV-A.
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g ﬁg — | ;5 <f < < 0.08 / " ! \; l
alz=l 2 g = s = =
e - P - T [
SI2E| = 2| = S S S g
] ) g = ) i 0.02 - \/\w/ // \ s
= s |z |z : L A L
% 2 f f (a) EM is applied with poor initialization
= |5 |z = —
[=3 5 ; EM and VNS for poor Initi
)
=
—= == g z E‘
5|2 e e Tlee Sleces |wel
olEL= 2] ST SRS PadS
Z 5|8 e T (o o LA o = s T
<|3 >
Z|5|% ol Il SRE NN TES WS
<s|= S gy S g S| s
o= N ifl= < &= = @v«w:\” - v =2
Ol ﬁﬁww 22 g’wwﬁ ARSI
I I 5 " .
Il
— (b) using EMVNS with the same poor initialization
— =g = al=2w2
- B T i | IR i i . ) )
2 = L I @‘ z ST TE ] \; E A Fig. 2.  The use of EM can lead in general to a local maxima artdtao
e T3 mmen s TTLT Solm e o the global one. However the implementation of EMVNS using $ame poor
|E=El 5 AR TR e A TR initialization guarantee a better result.
QP SRS o IS G I i M | i Sl
iy R TR il oty Sy ) Sty
e Bz TEES T BRI RES I3 | . |
*% 31 TIER T ENTTSER T8 S sample covariance, and an interval ranging froro 0.9 for
2 SN LTTTTT S QTTTT’TTTT mixing weights. Note that EM was used in its standard form
Sz Ees £ ggges and without any acceleration scheme. To avoid the unbounded
B - - ~ likelihoods problems, all components are chosen to have a
SRElx =2 3 < 3 < common variance or equal determinants (see (27)).
eEziE |z & z & z 2) Treated examplestn order to give an acceptable cred-
T ibility to the results provided by both methods, we choose
E == < s a non-exhaustive variety of situations. In fact, as we will
91z |3 2 § discuss later, the EM performance results are directhtadla
21K 3 S to the attraction basin size as presented in figure 3 and to

the dimension of local and global maxima of the likelihood
function (see (2)). Thus, we considered the eight exampées d
played in appendix IV-Awith different degrees of complgxit
Before detailing the experimental procedure, we describepicted in both component dimension and data distribution
the sensibility of EM using a "poor” initialization to getadal From the Probability Density Function (PDF) df FGMM
maxima. We usel50 observations generated from 3G1MMexamples shown in figure 4, we can qualify the diversity of
described in table IV-A. Our algorithm is applied using theata distribution from well separated as in 8G2MM example,
same ’'poor’ starting value and as shown in figure 2 the poorly separated as in 2G2MM example. Figure 4 provides
EMVNS can easily improve the parameters model estimatioihe information about the approximate local maxima number
1) Methods deployedin this paper, we limit our study from very reduced as in 3G1MM to very considerable as in
to comparing the EMVNS with the MS method. Indeed, th#0G2MM. The dendrogramms in figure 4 illustrate that the
MS method is the most used way of initiating EM and isumber of local maxima values is dependent on the problem
considered as a reference method for almost any comparisomplexity characterized by the number of components and
method (see (3) ). In the MS method, the means are generadath distribution.
from an interval within the data range, while the covariance 3) Criteria selected: To analyze the performance of each
are generated from an interval ranging from zero to the valogethod we define some criteria. For instance, our main objec-
of sample covariance, and the mixing weights are generatea is to reach the highest likelihood regardless of theetim
from a Dirichlet distribution. In the EMVNS approach, weof realization even though the CPU time realization is less f
choose I, for the means as the data range interval, tHEMVNS than for MS method. In fact, for the last 10G2MM
covariance as an interval ranging from zero to the value example, one iteration with MS todk26s and only0.14s with

B. Experimental Procedure
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(a) A very reduced number of local maximum with relativelygia
attraction basin
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(b) A general case with an important number of local maximum . i S °
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one of global maximum (d) The model components are quite separated

(e,

T T T T T T T T T T
a 1.s 2 2.5

Fig. 4. The PDF of 4 FGMM examples are very diversified witHedént
degrees of complexity summarized in both dimension and distaibution

E ' : , i components.

° maxima.The last criterion is the percentage of getting the
(d) The number of local maximum is f,ery importani with a  associated global one; it characterizes the degree of exinpl
relatively same large attraction basin of the problem we treat. This percentage provided by EMVNS

, , _ reflects the percentage of time being in this global maxima
E]lgl'ogél ;2;rﬁﬂmp;ﬂt{hzfifgﬁ%igﬁag;zlﬁss?z?endem in bothnbienber Ne_vertheless, from MS m.eth(.)d this percentage exgh’hin
essentially the attraction basin size of the global maximum
For instance, if this last percentage is arouiid; it means

o that attraction basin size of the global maximum is verydarg
EMV_NS. To be more realistic, we choose a "poor” and randoghd that in70% of the cases MS succeeded to get to this
starting parameter values for EMVNS method as shown Ylobal one.
Appendex IV-A. .

Therefore, we choose a fixed number of iterations asCa Results obtained

stopping condition for both methods. To perform the competi The results obtained for both poor and random starting
tion between the two methods we limit 190 the number of values are the same. Thus, the initial values have no effect
iterations relatively to the maximum number of local maximan the performence of the EMVNS algorithm. The results
We fixed t025 the maximum number of embedded intervaldisplayed in Appendix B, show that there are four types of
and for simplicity we choose the same incremental step fproblem complexity as shown in figure 3. In fact, we can
getting all I, as30% of I, (i,e. Ip1 = 30%I,, I,» = 60%Ip, consider a very simple complexity problem characterized by
etc). We devotd0 trials twice for each example sample. Fofarge basin attraction size of the global maximum or a reduce
both methods, we record after each trial the highest Lolpcal maxima number as illustrated by 2G2MM examples.
likelihood considered as the best associated global maxinide second class complexity is represented by a consigerabl
The second criterion which is the local maxima range, givesimber of local maxima having relatively the same large
us an idea about the ability of EMVNS method to improvattraction basin size as presented in 8G2MM example. The
the search for getting the best local maxima by jumpinthird complexity problem class is represented by a small
from hill to hill. In the MS method, this second criterionlocal optima number with a small attraction basin size as
informs us about the approximately wide range of the locdescribed by 3G1MM. The forth types of problem complexity,
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TABLE | . .
PERCENTAGE OF GETTING THE GLOBAL MAXIMUM BY BOTH METHoDs In D Discussions

ZOREPLICATIONS As an iterative method, EM algorithm had viewing his

[ COMPLEXITY PROBLEM DEGREE| MS | EMVNS | sensitive to the initial values. In fact, figure 2 gives the
| 1 [ 100 % | 100 % | change in accuracy result when EM performs from poor initial
| 2 [100% ] 90% | value. From the experimental results, we can briefly resume
| 3 [60% | 90% | all possible situations in four cases depending on comiyiexi

| 4 [ 30% [ 70% | problem classes. First, when the attraction basin of thal loc

maxima is relatively large supported by the percentage of
getting the global maxima with MS method such as more
than 15%. The second case is illustrated by a very important

considered as the most challenged one, have a relatively hfligmbPer of local maxima with relatively the same attraction
local maxima number where the global one have a veP@sin size (i.e. low percentage of global maximum ranging
small attraction basin size as showing in 10G2MM. In firdfom 5 to 15%); in this particular case MS outperforms
simple class complexity problems, both methods reached &MVYNS only in 10% of the trials. The last case is the most
same global maxima. For the 3G1MM considered as a sim@igallenging one, because the number of local maxima is very
example in one dimension space with a reduced local maxiffgPortant with a small attraction basin size; this corregfo
number, the EMVNS achieved in the majority of trials to get t& the case of a small percentage in getting the global maxima
the highest Log likelihood. In fact, when the attractionibasWith MS method (less than%). This in fact is the most
size is large for a local maxima and a small for the globdlifficult one for which EMVNS succeeded in the best part of
maximum (as explained by the quite significant percentage f§/@S to reach the greatest global maximum. In fact, depend
getting the global maximum with MS), EMVNS succeede@" the complexity of the problem, the large number of Iocgl
to jump to other local maxima until getting to best hil;maxima conducts to large ngmber of parameters estimation
meanwhile, MS get trapped in this local maximum. For theolutions. As described earlier, when the number of local
2G2MM with a considerable number of local maxima, in thighaxima is significantly reduced or when the basin attraction
case it's easy to get to the global maxima regardless of venetQf the global maxima is visibly large, we can use an ordinary
or not the model components are well or poorly separated.ifthod as MS or any other simple method for getting best
8G2MM example, where the components of the model af@sSults to overcome initial values problem caused by EM
well separated, the MS method succeeded in only abegt algorithm. (However in practice, the data dimension is very
trials in getting the highest log likelihood compared to thirge modelled by FMM and without guarantees to have a
EMVNS method. Due to the fixed number of iterations (i.&"9€ basin attraction of the global maximum). In spite 6$,th
stopping criterion), this is the only case where MS can pexfo the need of applying a robust method for complex problems
well against the EMVNS. In 10G2MM example, having 45 necessary. As _descrlbed in section 3.3, C(_)ntrarlly t@roth
significant important number of local maxima, the competiti Methods based in local search, VNS provides a powerful
between both methods is very rude. Indeed, the percentag@@f Simple tool for getting best results compared to other
getting the global maxima in MS is very small as it did notompeting methods. Moreover, the use of the appropriate
exceeded%, consequently, the most of local maxima had 8tructures in VNS leads not only to improve the maximization
very small attraction basin. In this case, EMVNS had a mofd the Iikelihood function but to obtain it with the best time
chance to get to the best result. We can resume all resultd§glization.

table | with defferent degrees of complixty such:
V. CONCLUSIONS

1 Large basin attraction size of the global maximum or a The choice of initial values is considered as crucial paint i

reduced local maxima number. the algorithm-based literature as it can severely affextithe

2 Considerable number of local maxima having relativelyealization of convergence of the algorithm and its efficien
the same large attraction basin size. to pinpoint the global maximum.

3 Small local optima number with a small attraction basin A novel EMVNS algorithm for estimating FMM parameters
size. is proposed in this paper to overcome one of the main draw-

4 Huge local maxima number where the global one hayricks of EM algorithm often getting trapped at local maxima.
a very small attraction basin size. The VNS method largely deployed in many examples had

shown his efficient in getting best improvement results Whic
Therefore, we can deduce from the local maxima range aexploits systematically the idea of neighborhood chang#h b
from the comparatively great percentage of getting the ajlobn ascendant to local maxima and in escape from the hills
maxima with EMVNS method, that in almost all situationsvhich contain them. The algorithm is computationally et
there is no difficulty for the EMVNS method to improve theand easily implemented.
accuracy of model parameters estimation and attain the besthe experimental results of employing FGMM for a variety
global maximum. of degrees of complexity of data dimension show that our al-
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gorithm can find excellent solutions with best time realmat [14] Glover, F.:“Heuristics for Integer Programming Using
than MS method, especially in complicated situations.

The EMVNS algorithm use the VNS in his basic scheme
and is focus on the estimation of FMM parameters suppositigp] Glover, F.:“Tabu Search: A tutorial,”Interfaces, Vol. 20,
the number of FMM components are known before. therefore,
developing EMVNS using several VNS extensions and fingt6] Glover, F.:*Multi-Start and strategic oscillation methods
ing more appropriate structures for resolving such problem Principles to exploit adaptive memory Computing tools
appears to be desirable.
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