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Abstract — Fuzzy numbers and fuzzy arithmetic were intro-
duced  in  order  to analyze and  manipulate  approximate  nu-
merical values. In modern complex and large-scale systems we 
often have to deal with imprecise  data.  The reasons may be: 
different experience of people operating the system, not well-
known area of knowledge,  too many parameters  to get  them 
together in short time. 

One of such problems is increasing safety requirements of 
structures.  It induces necessity to take into consideration the 
random nature of variables in the fatigue design.  Analysis of 
real structures and their fatigue properties is a big computa-
tional problem. In this paper we present how we can use fuzzy 
numbers as tool for fatigue analysis of structures. 

The  data  used  to  describe  a  problem—the  probability  of 
failure for critical locations of hydraulic cylinder—are statis-
tical.  The main problem is to estimate critical areas of cylin-
der.  Given probabilistic  data were used in order to design a 
membership function of fuzzy number.  Thus further calcula-
tions could be done with use specific operations defined on a 
specific model of fuzzy numbers—ordered fuzzy numbers.

The calculation of fatigue life using fuzzy numbers set is il-
lustrated  with  analysis  of  hydraulic  cylinders.  Damage  me-
chanics  approach is used in fatigue analysis with fuzzy num-
bers set of hydraulic cylinder. 

I. INTRODUCTION

A. Fatigue Analysis

ROM engineering  point  of view forecasting of fatigue 
live of supporting structures or machine elements and 

other structural components require to find areas with large 
stresses where fatigue failure may occur. Special attention is 
paid to notches,  where geometrical  discontinuities lead to 
stress concentrations.  In these weak points of the structure 
detailed  stress  and  strain  analysis  must  be  performed. 
Selection of the methodology is the following step in fatigue 
analysis.

F

The theory of fatigue analysis goes back to XIX century 
to first Wöhler fatigue tests [1]. He has noticed that struc-
tures can fail under stresses which are significantly smaller 
than ultimate stress of the virgin material. A conclusion was 
that  loose of material  strength  is caused by cyclic loading 
and lighten. He built experimental curves which makes pos-
sible to predict structure failure a long time before final col-
lapse.

Wöhler, S-N curves are used by designers and engineers 
till today. The main advantages of these group of methods is 
easy to use methodology of fatigue analysis and possibility 
of graduation by Kf (stress concentration factor).  Kf factors 
are  classified for many different  geometries.  Because S-N 
method is based on experimental tests, results obtained on a 
simple structures are very close to real fatigue life.

S-N method has disadvantages too. First is a very compli-
cated calculations of stress concentration factor Kf for a typ-
ical  structures.  Also in  fatigue analysis  of complex struc-
tures  with  complex  stress  state  S-N method  gives  results 
which often are not confirmed in experiments.

B. Fuzzy Sets and Numbers

In  modern  complex  and  large-scale  systems  we  often 
have  to  deal  with  imprecise  data.  It  can  have  source  in 
many aspects:  lack  of experience  of people operating  the 
system, not  well-known area  of knowledge,  too many pa-
rameters to get them together in short time (as in case the 
fatigue problems).  In  order  to effective imprecise data  we 
must have tools for processing them. In mathematical mod-
elling vagueness can be described apart probability methods 
by a quite new area of science – fuzzy sets and numbers.  

Idea of the fuzzy sets was started in  1965 by Zadeh[2]. 
Fuzzy numbers and fuzzy arithmetic were introduced to an-
alyse and manipulate approximate numerical values. 

The commonly accepted theory of fuzzy numbers is that 
by Dubois and  Prade [3],  called (L,R)-numbers  which be-
came quite  popular,  because of their  good interpretability 
and relatively easy handling for simple arithmetical opera-
tion, i.e. for the fuzzy addition. 

In most approaches numerical handling of fuzzy quanti-
ties is based on the Zadeh's extension principle. It  gives a 
formal apparatus to carry on operations (arithmetic or alge-
braic) from sets to fuzzy sets. 

Unfortunately,  the  use  of the  extension  principle  have 
some serious drawbacks,  especially in  case of performing 
the whole sequences of operations repeatedly. A number of 
attempts  to  introduce  non-standard  operations  on  fuzzy 
numbers  have  been  made   (Sanchez  [4],  Klir  [7], 
Wagenknecht[8]).  The  main  drawbacks  of  the  existing 
models of operations on fuzzy numbers are: non-existiance 
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of natural  neutral  elements of addition and multiplication, 
non-existence of a unique solution X of the equation A + X 
=  C, where  A and  C are  fuzzy  numbers.  The  second 
drawback implies that having two fuzzy numbers A and C it 
may not exist a fuzzy number  B for equation  A+B is equal 
to C 

II. ORDERED FUZZY NUMBERS

Few years ago the ordered fuzzy numbers idea arose [9],
[10].  For  constructing  those  numbers  the  concept  of  the 
membership function of a fuzzy set, introduced by L. Zadeh 
[2] as a fundamental concept of the fuzzy (multivalued) log-
ic, has been weakened by requiring a mere membership re-
lation;  consequently a  fuzzy number  arises  as  an  ordered 
pair  of continuous  real  functions  defined  on  the  interval 
[0,1]. Four algebraic operations: addition, subtraction, mul-
tiplication  and  division of such fuzzy numbers  have been 
constructed in a way that renders them algebra.

A. Main Definition

DEFINITION 1.

An Ordered Fuzzy Number (OFN) A is an ordered pair 
of two continuous functions, 

A= xup , xdown (1)

called  the  up-part and  the  down-part,  respectively,  both 
defined on the closed interval [0,1] with values in real axis.

With some conditions (if the both functions  xUP, xDOWN 

are  monotonic)  they are  invertible  and  possess the  corre-
sponding inverse functions defined on real axis with values 
in  [0,1]).  So we can  transform  shape  from figure  1  into 
shape on figure 2.

In result we deal with objects as presented below with an 
arrow as mark of order from up part to down part. Interpre-
tation  of  such  model  is  slightly  extended  (than  classical 
fuzzy sets and numbers) what was discussed i.e. [13]. 

B. Calculations on ordered fuzzy numbers

We may define in simply way arithmetic operations on 
ordered  fuzzy  numbers.  They  are  introduced  in  the 
following definition.

DEFINITION 2.

Let A=(xA
UP, xA

DOWN), B=(xB
UP, xB

DOWN) and C=(xC
UP, 

xC
DOWN)  are  ordered  fuzzy  numbers.  The  sum  C=A+B, 

subtraction  C=A-B, product  C=A · B, and division  C=A/B 
are defined by formula for s ∈ [0,1] 

 
xup

C
s= xup

A
 s∗xup

B
 s

xdown
C

 s=xdown
A

 s∗xdown
B

 s
 (2) 

where "*" stands for "+", "-", "·", and "/", respectively, and 
where  A/B is defined,  if zero does not  belong to intervals 
UP and DOWN of B. 

Notice that the subtraction of B is the same as addition of 
the opposite of B, i.e. the number (-1) B. Moreover, for any 
ordered fuzzy number B the difference B-B is a crisp (real) 
zero. On the other hand, if for A=(xA

UP, xA
DOWN) we define 

its complement A-=(-xA
DOWN, -xA

UP) (please note that A-1 (-

1)·A),  then  the  sum  A+A- gives  a  fuzzy zero  0=(xA
UP -  

xA
DOWN,  -(xA

UP -  xA
DOWN)) in  the  sense  of the  classical 

fuzzy number  calculus:  the  complementary  number  plays 
the role of the opposite number in the sense of the Zadeh's 
model, since the sum of the both gives a fuzzy zero, non-
crisp, in general.

Going further in such direction we can easy propose the 
more complicated operations as  logarithm and a  power of 
number.  Of course we  need to consider  restrictions which 
are following from the same operations on real numbers.

DEFINITION 3.

Let  A=(x A UP, x A DOWN), B=(x B UP, x B DOWN) and 

C=(x C UP, x C DOWN) are  ordered  fuzzy numbers.  The 

result  C=A B,  for s ∈ [0,1] is defined by formula 

  
xup

C
 s= xup

A
 sxup

B
s 

xdown
C

 s=xdown
A

 s
xdown

B  s
 (3) 

where intervals  UP and  DOWN of number  A  consist  only 
values greater than zero. 

Similarly we may define logarithm.

DEFINITION 4.

Let  A,  B  and C  will  be ordered fuzzy numbers  like in 
DEFINITION 3.  The result   C=log A B,  for  s ∈ [0,1]  is 
defined by formula 

Fig 1. Ordered fuzzy number

 

Fig 2. Short notation of direction in the OFN 

 y  

x  
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xup

C
s =log xup

A
s xup

B
 s

xdown
C

 s=logxdown
A s xdown

B
 s

 ( 4 ) 

where intervals UP and DOWN of number A consist  values 
greater than zero and without number one. 

With such definitions of operations we can find clear-cut 
result of equation A+X=C, also result of subtraction A–A is 
a crisp zero (neutral element of addition).

Important fact is that if we restrict our analysis of opera-
tions on ordered fuzzy numbers to numbers with the same 
orientation then results will be the same or very similar to 
classical operations on convex fuzzy numbers.  

Additionally, by using ordered fuzzy numbers we obtain 
simple algorithms of all algebraic operations to make count-
ing results obvious. We just calculate functions values.

In  summary, using ordered fuzzy numbers we can over-
come  drawbacks  of  classical  fuzzy  numbers  model.  A 
method of realization of arithmetical  operations allows for 
calculations in the same way as calculations with real num-
bers. Easiness of calculation on ordered fuzzy numbers al-
lows programming them. So we may use such calculations 
in  different  applications,  where  is  difficult  to  get  precise 
data. 
As the fatigue is a parameter, which is really hard to deter-
mine  precisely,  so using  the idea  of fuzzy numbers  looks 
like the direction worth to investigate. Calculations on or-
dered fuzzy numbers the new model of fuzzy numbers were 
used in this paper in fatigue analysis of structures. 

III. ANALYTICAL FORM OF S–N FUNCTION 

An analytical form of the fatigue strength function with 
respect of the number of cycles  N and the stress ratio  R is 
proposed. This work extends original work by Chaboche [5] 
continued by Luccioni [6] and Oller [11]. 

 

SN R ,N =S th
R [Su

−S th
R]10

[−t log10 N 

]  

 ( 5 ) 

where for |R| ≤1 

S th
R=Se

[Su
−S e

]0.50.5R 


tR =0.50.5R   (6)

and for |R| >1 

S th
R=Se

[Su
−S e

]0.5
1 

2R



tR =0.5
1 

2R


  (7)

S u is  the  material  tensile  strength,  α,  β,  γ,  δ are  the 

material  parameters, S th is the fatigue threshold function 
depending on the endurance fatigue stress S e and the stress 
ratio  R.  Parameters  α,  β,  γ  and δ don't  have,  at  the 
moment, any physical interpretation. These parameters are 
introduced  in  order  to  define  analytical  form  of  S  –  N 
function and  must be determined in experimental way. 

A modification of the S–N function formulas developed 
by Oller [6] is done in order to full agreement of the pre-
sented method with the classical stress methods. The intro-
duced  correction  also  takes  into  account  an  influence  of 
mean stress value σmed and the stress ratio R on fatigue life 

of the structure in agreement with Goodman’s concept [12]. 
In figure 4 the proposed S–N function is presented. The 

influence of the stress ratio R is shown. The bold points in-
dicate  fatigue  threshold  values  calculated  by Goodman’s 
concept.  Usual  result  of FEM  analysis  of structures  is  a 
stress field. If we assume that the structure is so resistant as 
a  weakest  point,  the  maximal  stress value   indicates 
the position of fatigue crack initiation. After transformation 
of equation (5) and substitution of the stress analysis result 
(i.e. FEM analysis introduced by [13]) as =SN R , N  , 
we obtain  fatigue  life of the  structure.  Fatigue  life is  ex-
pressed as a number of cycles to failure.

N cyc  R =10
[ log

S U
−S th  R

−S th  R
t  R 

1

]   ( 8 ) 

The S – N curve determined by equation (5) and equation 
(6) or (7) allows to determine  fatigue life of the structure 
where the load is characterized by constant  amplitude and 
constant  stress  ratio.  It  is  observed  that  in  fatigue  crack 
propagation consecutive material points are damaged (sepa-
rated) along a crack.  In  order  to describe evolution of fa-
tigue crack authors introduce a material strength reduction 
function,  

f red  , R , N =10

log 

S U 
log  Ncyc 


m
⋅log  N 

m   (9)

where  exponent  m is  the  material  brittleness  measure.  In 
figure 3 reduction of material strength function for different 
parameters m is presented. 

The strength reduction function is identified with damage 
of material point f red  , R , N ≡1−d.  The constitutive 

tensor of damaged material C ijkl
d  is given 

 
C ijkl

d
= f red  , R , N  Cijkl

0

 ij= f red  , R , N  ij
0  ( 10 ) 

 

Fig 3. Proposed strength reduction function 
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where C ijkl
0  and ij

0  are  constitutive  tensor  and 
ij  is stress tensor in undamaged material respectively. 

Besides 

Sud= f red  , R , N  Su  ( 11 ) 

where Sud is the damaged material strength. 

IV. CALCULATION OF FATIGUE RELIABILITY WITH FUZZY NUMBERS

Classical fatigue reliability analysis of structures in con-
nection with probabilistic analysis needs a big computation-
al  effort.  It  limits  solved problems to small  systems.  The 
fuzzy numbers approach to reliability analysis allows to es-
timate  stochastic  model  parameters.  In  consequence a  fa-
tigue  life  of  structure  can  be  treated  as  imprecise  term 
which  is  modeled by fuzzy number.  Analysis of fuzzy fa-
tigue life could be treated as estimation of reliability. 

The imprecision of data defined by fuzzy number can be 
received from the spread of probabilistic data. In  this case 
such data were used to determine a fuzzy numbers. For cal-
culations on ordered fuzzy numbers a special class in C++ 
was  implemented.  It  allows to  calculate  with  all  defined 
here (definitions 2, 3 and 4) mathematical operations. 

The calculation of fatigue life using fuzzy numbers set is 
illustrated with analysis of the hydraulic cylinder presented 
in figure 5. Local fatigue approach is used at critical loca-
tions on hydraulic cylinders.  Linear  elasticity material  be-
havior is assumed.

Seven critical points in oil port connection zone are cho-
sen (see figure 6). Points 1 to 6 correspond to oil port weld 
and point  7 corresponds to hole in cylinder tube. The von 
Mises stress field of hydraulic cylinder port is presented in 

Fig 5. Hydraulic cylinder. 

 

Fig 6. Graphical interpretation of the a) internal oil pressure and b) scatter 
of material strength presented as fuzzy numbers
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figure 7. The most stressed is critical point 7 corresponds to 
hole in cylinder tube (370 MPa with internal pressure 30.8 
MPa). Fatigue experiments prove that fatigue crack is initi-
ating  in  this  point.  In  further  considerations  we will con-
straint to analyze only critical point 7. 
Fuzzy numbers idea was applied to define material strength 
Su and value of internal  oil pressure  p. In consequence the 

maximum stress value  is also fuzzy number. Material 
S – N curve is obtained using equation (5). The main idea 
of using fuzzy number  set in  fatigue analysis is  to obtain 
fuzzy fatigue S – N curve.  Graphical interpretation of the 
scatter of material strength and internal oil pressure is pre-
sented in figure 6.

The scatter of oil pressure in the typical hydraulic cylin-
der is presented in figure 6a. It can be interpreted as:
– typical work pressure of oil in cylinders is 30 MPa,

– in  some  machines  oil  pressure  could  be  smaller  or 
higher than typical 30 Mpa,

– the distribution of oil pressure corresponds to statistical 
data.

The graph in figure 6b can be interpreted as follows:
– majority of cylinders are made from steel with ultimate 

stress 540 MPa,

– exists  also  cylinders  made  from  steel  with  ultimate 
stress 520 MPa and 650 MPa,

– the distribution of the material ultimate stress Su corre-

sponds to statistical data.

The scatter of fatigue life of the cylinder is presented in 
figure 8. We can see, that majority of cylinders have fatigue 
life grater than 220 000 cycles. The methodology of fatigue 
reliability using fuzzy numbers needs further investigations 
and interpretations of obtained results. 

V. CONCLUSIONS

The paper deals with fatigue reliability analysis of struc-
tures. The new approach using fuzzy numbers was present-
ed. The presented fatigue analysis with fuzzy numbers can 
decrease computer resources necessary to reliability analysis 
with probabilistic approach. 

The result of fatigue reliability analysis of structures us-
ing fuzzy numbers is full scatter of fatigue resistance. This 
information  gives considerably more data  about reliability 
in opposite to classical probabilistic methods where the re-
sult is a percentage reliability with given failure criterion.
The analysis of the scatter of fatigue life could make possi-
ble to define more precisely time of safety work of the cylin-
der, plan service repair or estimate the fatigue reliability of 
the cylinder.

The methodology of fatigue reliability using fuzzy num-
bers needs further  investigations and interpretations of ob-
tained results.

The idea of ordered numbers is easy to use in practical 
calculations. Constructing and implementing complex oper-
ations like logarithm or power is intuitive and natural. 
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